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Designing Floating Codes for Expected Performance
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Abstract—Floating codes are codes designed to store multiple
values in a Write Asymmetric Memory, with applications to flash
memory. In this model, a memory consists of a block of n cells,
with each cell in one of q states f0; 1; . . . ; q 0 1g. The cells are
used to represent k variable values from an `-ary alphabet. Cells
can move from lower values to higher values easily, but moving
any cell from a higher value to a lower value requires first resetting the entire block to an all 0 state. Reset operations are to be
avoided; generally a block can only experience a large but finite
number of resets before wearing out entirely. A code here corresponds to a mapping from cell states to variable values, and a transition function that gives how to rewrite cell states when a variable
is changed. Previous work has focused on developing codes that
maximize the worst-case number of variable changes, or equivalently cell rewrites, that can be experienced before resetting. In
this paper, we introduce the problem of maximizing the expected
number of variable changes before resetting, given an underlying
Markov chain that models variable changes. We demonstrate that
codes designed for expected performance can differ substantially
from optimal worst-case codes, and suggest constructions for some
simple cases. We then study the related question of the performance of random codes, again focusing on the issue of expected
behavior.
Index Terms—Floating codes, average-case analysis, write asymmetric memory, random floating codes.

I. INTRODUCTION
LONG-STANDING albeit not widely studied subfield of
coding theory involves data storage in a setting where
the stored information can change state in only limited ways.
The seminal and perhaps canonical example is the write-once
memory introduced by Rivest and Shamir [21]. Motivated primarily by the potential of digital optical disks, the authors consider the setting of write-once bit positions, which they dub wits.
(The name, apparently, has not lasted the test of time.) Each wit
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initially contains a 0 that may subsequently be rewritten as a 1,
but such a write is irreversible; a 1 cannot later be changed back
to a 0. Paper punch cards provide a useful example of wits; once
a position is punched, it cannot be reset.
If permanent storage is required, a medium of wits is quite
useful, but if rewriting of information is required, this irreversibility is problematic. Rivest and Shamir therefore consider
the question of how many wits are required to allow rewrites
of a -bit value. By carefully choosing how wits can be used
to represent values, they are able to design schemes that do
significantly better than the naïve scheme using wits.
A variety of related models have been considered over the
years; see, for example, [1], [3]–[5], [7], [8], [10]–[14], [16],
[22], [23]. Questions regarding coding schemes of this type have
resurfaced in recent years with the introduction of flash memories, which work under similar principles [13]. A flash memory
utilizes floating-gate cells, which can be modeled as having
states
. Roughly speaking, the states correspond to the number of electrons being held by the cell. Adding
electrons to a cell is easy, but removing electrons from a cell
is difficult. In our model, that means it is easy to move a cell
from a lower-numbered state to a higher-numbered one, but not
the other way around. Indeed, cells are generally organized into
blocks, and in order to lower a state value within a cell, one must
reset an entire block back to the all 0 state. Resetting blocks is
considered very expensive, first because the rewriting time when
resetting a block is large, but perhaps more importantly because
the lifetime of a flash memory generally only allows a large but
essentially fixed number of reset operations before the memory
is no longer usable [2].
Previous work, including recent work on codes for flash
memories, has focused on the problem of maximizing the
number of rewrite operations before a reset operation is required in the worst case. Codes for this setting were dubbed
floating codes [13] (although it was suggested that they be
called flash codes in [24]; we utilize the former). Worst-case
analysis is certainly a natural approach, particularly in settings
where no resets are possible, and there is a need for fixed
guarantees on rewrite performance in unknown environments.
We suggest, however, that in the setting of flash memories,
where the product will be mass-produced, the product lifetime
may allow a large number of reset operations, and there is
the potential to study and model user behavior, statistical
performance guarantees are more appropriate. The idea of
average-case performance of codes in this setting is not new;
it is explicitly mentioned by Rivest and Shamir as an open
question [21]. (Also, see very different notions of average-case
analysis in [1] and [16].) As far as we know, however, our
work actually initiates the study of the expected performance
of floating codes. This line of work has since been followed up
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on by for example [15], which considers expected performance
in a similar fashion.
Our primary contribution is a general model of the underlying problem of average-case performance of floating codes.
Then, following the approach of [13], we consider particular
possible implementations for specific parameter settings. This
work should be seen as a starting point, providing building
blocks for future work and raising a variety of challenging open
problems to consider. Finally, returning to basic principles, we
consider random codes in this setting, and consider both their
worst-case and expected performance.
II. A GENERAL MODEL FOR AVERAGE-CASE PERFORMANCE
OF FLOATING CODES
We begin by reviewing the model for and definitions of
floating codes, utilizing the framework of [13]. The memory
stores variable values from an -ary alphabet, given by the
variable vector
with
.
The memory consists of a block of cells, represented by a
with
.A
cell state vector
is said to be above a cell state
cell state vector
vector
if
for all . Abusing notation,
if and are cell state vectors such that
we will write
is above , and
if is not above . (We avoid vector
notation where the meaning is clear.) For a cell state vector
to change to another state with
, the memory must first
, no reset is needed.
be reset. If
A floating code is defined by two functions. The decoding
maps
function
cell state vectors to variable vectors, and is used to decode the
memory, transforming its current contents to the current variable values. The rewriting function
gives
information on how to transition when a single variable value
changes; given a current cell state vector, a variable value to be
changed, and the value that variable is changed to, the function
gives a new corresponding cell state vector. The restriction
on is that the current cell state vector must always decode via
to the current variable vector. Here when a rewrite causes a
, the cost is 1 due to a reset;
transition from to with
otherwise, the cost is 0.
(We remark that in other work the rewriting function has included a special range value to denote a reset, or erasure, operation, which essentially terminates the process. Because we
consider a stochastic framework that can involve many resets,
we find it clearer to not include a specific reset token, but instead use the notion of transition costs to denote conditions that
would cause a reset. This also provides a framework that more
easily generalizes to allow variable costs.)
The goal of [13] and [24] is to find decoding and rewriting
functions that maximize (starting from the all-zero vector) the
number of rewrites before a reset in the worst case. We here consider a different goal. We assume that there is a Markov chain
describing the behavior of
with state space
the variable vector. For the most part we follow [13] and assume
that only one variable changes at each transition, although more
general Markov chains and rewriting functions can be considand
ered, as we discuss below. Given a decoding function
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rewriting function , the Markov chain on the variable vector
induces a corresponding Markov chain on the cell state vector.
Let the equilibrium distribution of this chain be given by ,
and let
be the probability of transitioning to state vector
when in a state vector . Then using standard theory, the average
long-term cost per variable change is given by
(1)
can be considered the
Also, by standard renewal theory
long-term average time between reset operations. Our goal is
to find functions and that minimize this cost .
We emphasize that the above model can obviously be generalized in many directions, in manners similar to other proposed
generalizations of simple write-only memories. We may have
arbitrary alphabets for the variables and for the states, with
inducing corresponding
an arbitrary stochastic process on
, given the rewriting transition function. The
processes on
rewriting function could allow multiple variables to change at
once, taking the form
, mapping the current cell state and a
new value vector to a new cell state. There may be rules that a
priori limit the transitions possible under the function . There
may be costs associated with all possible transitions (and/or all
possible state vectors), and more general functions of these costs
could be optimized. There may be history associated with either
the variable state or the cell state, which could be incorporated
into the decoding and rewriting functions. Many other generalizations can be imagined.
Indeed, we see the full generality of this coding problem as
having potential applications beyond coding theory. Notice that,
given the decoding function , we can view the rewriting funcas a policy for a Markov decision process on the cell
tion
state vector, where the possible actions at a state correspond to
the collection of transitions to be made for each possible state
change. Hence, underlying this problem is the question of how
to design a Markov decision process in the setting where we
have an environment (the variable process) and we wish to minimize some function on the induced Markov decision process
(the average cost per transition of the cell state process), where
we have the ability to design the Markov decision process according to certain rules (in this case, the rules are that decoding
is always successful). We are not aware of this specific problem
in previous literature, and although we have no complexity results, we conjecture that many variations of this more general
problem are at least NP-hard. (For a related NP-hardness result,
see [5].)
III. THE CASE OF
A. The Case of
We begin with the case where
, and
. That
is, our value vector consists of two bits, and our states consist of
. Optimal codes under worst case
two values in
analysis for these codes were described in [13]; they guarantee
transitions before a reset. Here
we consider asymptotically optimal codes (as grows large) for
the average case, under the simple but natural model where the
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asymptotically optimal, simultaneously for every value of , in
the following sense.

=2 =2 =2 =4

Fig. 1. The code, or the 2DGC, for k
;`
;n
;q
. The upper left
corner represents the decoded value vector for cell (0,0); the lower right corner
represents the decoded value vector for cell (3,3). Transitions are greedy, to the
closest available cell decoding to the appropriate value.

Fig. 2. Code for k

= 2; ` = 2; n = 2; q = 8.

first of the two value bits is the next to flip with fixed probability and the second is the next to flip with probability
throughout the process. By asymptotically optimal, we mean
and is fixed, the expected number of
that when
moves before a reset grows like
. (Indeed, we
show this is the number of moves with high probability, with
respect to the parameter .) While it is perhaps not surprising
that one could find an asymptotically optimal code for a given
, we show that in fact there exist codes that are simultaneously
.
asymptotically optimal for every
For convenience, we point out that in this setting we can adapt
the notation of [24], who for the worst-case setting define the
, where is the number of guaranteed
deficiency to be
writes before a reset (starting from the all 0 state). We will use
the term deficiency in a similar manner, although in our setting
the deficiency will be random variable; a code with cells will
on some input achieve a deficiency of if
transitions
are performed before a reset is necessary on that input.
Our code systems are based on Gray codes [9]. While we give
codes for all values of , we begin with the important case of
. We represent our code pictorially, for the case of
,
as follows (Fig. 1).
The upper left hand corner represents the decoded value for
the cell state (0,0); it is written as 00, representing that both
value bits are 0. More generally, the value in the th row and th
column (counting from 0) represents the value vector under
for the cell state vector
. Hence, for example, the decoded
value for cell state (2,1) is 10 (first bit 1, second bit 0). The
rewriting function is implicit; from each cell, one moves to the
closest available cell (generally one space down or to the right)
that decodes to the proper new value, and a reset occurs only if
no move is possible in the down and rightward direction. Note
that on a reset, one starts the next cycle in one of three positions:
(0,1),(1,0) or (2,0). (Because of the 00 in the lower right hand
corner, one can never start after a reset at (0,0)).
For larger values of , we simply cycle through the Gray code
values repeatedly. For example, the code when
is given
in (Fig. 2).
We call these 2-dimensional Gray Codes, or a 2DGC for
short. As we shall see, the 2DGC is not optimal, but it is

Theorem 1: For any
and
, for any
(where may depend on and ) the deficiency for the 2DGC
with probability at least
.
is at most
Proof: Let us say that a cell
is even if
is even
is odd. Our row and column indices start with 0.
and odd if
For example, the upper right cell is considered as an even cell. At
any point away from the right boundary, from an even cell one
moves down (respectively, right) when the first bit (respectively,
second bit) flips, and vice versa for the odd cells. For the theorem
(the case of
follows by
we consider the case
symmetry, with
replaced by in corresponding term in the
transideficiency). Consider the first
tions, which are necessarily split as evenly as possible between
the even and odd cells; we show that with probability
we do not reach a boundary before
transitions complete when starting at (0,0). We ignore floors
and ceilings for ease of notation, and similarly we say there
moves each at even and odd cells, as
are
rounding and differences by 1 are asymptotically unimportant.
For the moves in even cells, the expected number of down moves
, and similarly, for odd cells, the exis
.
pected number of down moves is
Let
be the number of down moves from even cells and
be the number of down moves from odd cells. As each move is
an independent trial (as long as neither boundary is hit), it follows from standard Chernoff bounds1 [20, Theorem 4.4, Part 2]
that for sufficiently large

which implies

Similarly

so

and we have similar results for right moves. It follows that the
number of down (or right) moves in the first
1Specifically, we use the simple Chernoff bound that says for the sum X of
X
independent trials with overall mean , for any with < < ,

.

(1 + ) )  e

0

1 Pr( 
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transitions is less than
claimed.

with probability at least
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as

As should be clear from the proof, one can trade off the
magnitude of the deficiency with the success probability;
for example, we can also achieve a success probability of
without hitting a boundary in
transitions, giving a deficiency that is
. More
deficiency with high probability
generally, one simply has
in .
It should be noted that our assumption regarding the underlying probabilistic model is particularly important. If the two
bits alternate flipping, then the number of transitions before a
, as a boundary will be
reset will be much less than
reached in only
transitions.
B. The Case of
We now consider the case when
. Here we provide multiple different approaches. While this may seem excessive, we
recall that we view these results as building blocks for future
work, and our different approaches have subtly different properties.
For our first approach, we first note that for even values of ,
we can simply successively glue together the
result multiple times. That is, we split the dimensions of the cell state
subblocks each of two dimensions, and use a
vector into
2DGC code for each pair of dimensions. The current variable
value vector is given by taking the exclusive-or (XOR) of the
corresponding variable vector of all of the subblocks. With this
transitions in the first
setup, one first moves for
two dimensions, until one hits a point where a reset would occur,
and then one makes no further transitions in these two dimensions; then
transitions are done in the next two
dimensions, and so on, to obtain a total of
transitions with high probability. One must take some care to be
clear what is meant with high probability in this case, however.
When is large enough (exponential in ), almost surely for
some pair of dimensions a boundary will be reached after only
transitions and not
transitions. Of course
such occurrences should be rare, and not affect the final result
significantly. As the intuition is clear, and as we will follow with
what will in most cases be a tighter result, we simply sketch the
pairs of dimensions, let
be the
proof. For each of the
random variable corresponding to the deficiency of the th pair;
that is, the th pair performs
transitions before hitting the boundary. It follows straightforwardly from Theorem 1
that the deficiency for each
has an expectation of
and
has geometrically decreasing tails. It follows that the sum of the
has expectation
, and again using standard Chernoff
bounds on the sum of the
the total deficiency is
with
high probability. (Alternatively, one could approximate each
by a Gaussian random variable for large to obtain a similar result.)
To handle odd as well, it suffices to demonstrate a code
for the case
that allows
moves with
high probability. One could then deal with
dimensions by handling the first
dimensions as above and the last

=2 =2 =3 =4

Fig. 3. The code, or the 3DGC, for k
;`
;n
;q
. The upper
left corner in the first square represents the decoded value vector for cell (0,0,0);
the lower right corner in the last square represents the decoded value vector for
cell (3,3,3). Transitions are greedy, breaking ties by increasing the z coordinate.

three with this code. The construction for
, interesting in
its own right, is also based on Gray codes, although some care
must be taken to handle the third dimension properly. We again
represent the code pictorially, with the value in the th row and
th column from the th square representing the value vector
under for the cell state vector
. An example for
is given in Fig. 3, and for
the code is again obtained by
cycling through the Gray code values repeatedly in each two-dimensional square. Note that the cell state vectors for a given
and are the same for all even values of , and the same for all
odd values of . As an example, the decoded value for cell state
(2,1,1) is 11, as underlined in the table. This gives us a 3-dimensional Gray Code (3DGC). For the 3DGC, there is some
ambiguity, as a single transition of a value can lead to multiple
cells of distance 1 from the current cell in the 3DGC. We resolve
this ambiguity by having our rewriting function, from each cell,
move to the closest available cell that decodes to the proper new
value, with priority toward moving up in the third dimension.
That is, from cell state
, when possible our move increases the value by 1. (Note up and down are not opposites
here.)
To avoid using the same heavy notation of Theorem 1, we will
prove a slightly weaker result for the 3DGC. In particular, we
will only prove that the deficiency of 3DGC is
with high
probability, without quantifying in detail the relation between a
bound on the deficiency and its probability.
Theorem 2: For any , the number of transitions before a reset
with high probability (in ).
for the 3DGC is
, we say that it is -even if the
Proof: For a cell
coordinate is even and that it is -even if the sum
is
even, and similarly for -odd and -odd. With the given code,
the moves can be classified according to four cell types (away
from the boundaries):
-even and -even: move up with probability and right
•
with probability
;
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•

to values for a 2DGC code, and the value of the two variable bits
being the XOR of the corresponding decoded values. For every
subblock of two dimensions, we say the subblock is empty if
, and active
both cell values are 0, full if both values are
otherwise. Taking advantage of the ideas of [24] leads to the
following theorem (which again we will prove in a form weaker
than the one of Theorem 1).

-even and -odd: move up with probability and down
;
with probability
-odd and -even: move up with probability
and
•
right with probability ;
-odd and -odd: move up with probability
and
•
down with probability .
, the
We first note that, away from the top boundary
probability that we fail to move up in at least one of the next two
. It follows easily that, for any
moves it at most
, as long as we don’t hit one of the boundaries
constant
in the or dimension, the number of up moves in the first
transitions after any reset will be
with
high probability for sufficiently large .
We now want to show that the number of down and right
are essentially split equally.
moves until we reach
This ensures we do not hit another boundary before
,
we will be in the same setting
and since when we reach
down and right
as the 2DGC, it also implies that
moves are performed with high probability.
There is a minor complication in that the number of moves
before moving up to
despent on a level
pends on whether we start at that level on an -even or -odd
cell, which in turn depends on the value of and the starting
point after the last reset. However, the probability of starting at
an -even cell after moving up quickly converges to it equilibrium value (which is ) after a small number of levels, and so
we may ignore this complication, as the difference is absorbed
term. Given that we start at an -even cell, and
into the
are away from any of the boundaries, the probability that we
stay at the same level for moves (always moving right when
starting at a -even cell, and down for a -odd cell) is the same
for every value of , and is further dominated by a geometric
distribution. The same holds for -odd cells. Standard applications of Chernoff bounds therefore again give with high probability the deviation between down and right moves over the first
moves is
with high probability, and the
result follows.
We emphasize that for any specific value of , Theorem 2
does not state that the 3DGC is the optimal code. Indeed, Gray
codes can be layered in different ways to obtain possible codes,
and the parameters in any given circumstance might determine
which performs best.
Looking again now at the result for the 2DGC code, it appears
that we should be able to do significantly better than an overall
. We have pessimistically bounded perfordeficiency of
mance by assuming that once we reach a boundary in each twodimensional subblock of the code, we essentially never move
in that subblock again. One can prove an expected deficiency
by allowing subsequent greedy moves along the
of only
boundary of a subblock whenever such a move only changes a
cell value by 1. The proof of this is somewhat more difficult;
however, we can obtain the same result more easily taking advantage of a technique motivated by the worst-case analysis of
[24]. For convenience we again suppose that is even (if is
odd, we can use a final subblock of 3 cells without changing
subblocks,
the asymptotics). We split the dimensions into
with the cell values for each pair of dimensions corresponding

be a fixed constant, and
Theorem 3: Let be even,
. Then there is a floating code that at any point in time
has at most two active subblocks, and under the model where at
each step the next bit to flip is the first with probability , the
with high probability in .
final deficiency is
subblocks as
Proof: Following [24], we think of our
being laid out from left to right. Initially, consider the leftmost
subblock of two dimensions, and the rightmost subblock of two
dimensions. Each subblock will utilize a 2DGC code, but we
change the cell state for the leftmost subblock only when the first
bit flips, and the cell state for the rightmost subblock only when
the second bit flips. As before, the variable values are given by
taking the XOR of the value corresponding to all blocks (or
equivalently to the XOR of all full and active blocks). Notice
that, for each subblock, using the 2DGC code we simply walk
along the diagonal until the subblock becomes full. Once the
leftmost subblock is full, on the next flip of the first bit, the
second subblock from the left becomes active and tracks the
flips of the first bit, and similarly for the rightmost subblock.
We call this the 2DGC- code.
Clearly there are at most two active subblocks at any point in
time. As long as there is an empty subblock between two active
subblocks, there is no ambiguity about which subblocks are to
be used at any step on a flip of each bit. Indeed, the only concern
is when, at some point, we are left with only a single subblock.
At the first step when we are left with just one subblock, we start
either on or adjacent to a cell state on the diagonal of our 2DGC
code. It therefore follows from the same argument as Theorem
with
1 that when we terminate the final deficiency is
high probability in .
In [24] similar codes were used as a building block for larger
codes, that is with a larger number of bits . We expect our codes
can be used in a similar fashion, but this is left as an issue for
future work.
IV. THE CASE OF
Continuing our exploration of small cases and the use of Gray
codes, we here show how to utilize Gray codes to obtain a code
. Our
that performs well for the case of
model for the three bits of data is that at each time step the first
is the next to change with probability , the second with prob.
ability , and the third with probability
We again consider the asymptotic behavior as grows large,
is given by Fig. 4 and
where our decoding function for
for larger is obtained by cycling in each dimension. Also, the
transition function (described in more detail below) is the standard move to the nearest suitable cell. Notice that now, by necessity, we can not arrange to move only to an adjacent cell on a
transition; with our Gray code design, some transitions require
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Fig. 4. The basic building block for the 2DGC-3, where k
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= 3 and l = 2.

Similar analyses can be performed for larger values of ;
however, we do not have a proof that such codes are asymp, as we do not at this point have an
totically optimal for
upper bound.
An interesting consideration brought on by this result is the
idea that we could want multiple codes; here, we could have
three similar but distinct codes, with the th code taking
transitions with high probability. We could
then dynamically choose the best code based on recent behavior,
so that if the relative frequency of each bit flipping changes, our
code could, after a reset, conceivably change with it.

V. CONSIDERING RANDOM CODES
Fig. 5. An alternative view of the basic building block for the 2DGC-3.

moving three cells down or to the right. For convenience, we
refer to this code as 2DGC-3. By classifying these transitions,
we obtain the following result:
Theorem 4: The number of transitions before a reset for the
2DGC-3 is
with high probability (in
).
Proof: Upon examination, away from the boundaries, there
are four types of cell states that for convenience we label as
and .
: move right 1 when first bit flips, down 1 when second
•
bit flips, right 3 when third bit flips;
: move down 1 when first bit flips, down 3 when second
•
bit flips, right 1 when third bit flips;
: move right 1 when first bit flips, right 3 when second
•
bit flips, down 1 when third bit flips;
: move down 1 when first bit flips, right 1 when second
•
bit flips, down 3 when third bit flips.
The 2DGC-3 code consists of repeated blocks of the form given
in Fig. 5.
and as states of a Markov chain. Then
Consider
the Markov process on how value bits change induces the following Markov chain on these four states:
: moves to with probability , moves to with prob•
;
ability
: moves to with probability , moves to with prob•
;
ability
•
: moves to with probability , moves to with prob;
ability
: moves to with probability , moves to with prob•
.
ability
A straightforward analysis gives that, for any constant , over
transitions after a reset, regardless of the
the first
initial starting point, with high probability at most
of the steps are spent in each of the states
and
as long as no boundary is reached. Following the same reasoning
as in Theorem 1, the expected number of total spaces moved
transitions is
down or to the right in the first
with high probability (in ). Choosing
, we obtain that we avoid the boundary and a reset
transitions with high probability.
for

We believe some additional insight can be gained by considering the behavior of random codes in this setting, which do not
appear to have been considered in previous work. By a random
code here, we mean that each element in the range of the deis chosen independently and uniformly at
coding function
. It turns out that results are easier
random from
to obtain in the more general model where, at each step, the variable vector can change entirely, not just in a single coordinate.
, where
In this model, there is a request sequence
is a value representing the
each request
th rewrite of the entire variable vector. The cell state vector
must be updated accordingly. Note that here one request would
correspond to a series of up to requests in the model where
a single value changes, so our previous results do not provide
good performance (we would lose up to a factor of ).
The intuition behind our results is that, if is sufficiently
large (greater than ), for each request we should be able to
increase just one coordinate in the cell state vector by 1 to
achieve a cell state vector that decodes properly. This defines
the rewriting function associated with the random decoding
function. Here, we use this intuition to show the existence
for any input
of a code with deficiency at most
sequence. While this may not be optimal (we discuss our
relation to [6], [17] below), the proof, which utilizes the Lovász
Local Lemma, may be useful for future work. We also show
that, for any fixed input sequence, the expected deficiency
using a straightforward algorithm, which is
is only
. With a more
asymptotically optimal in the sense that it is
complicated algorithm, we can reduce the expected deficiency
.
further to
We first recall the Lovász Local Lemma [20].
Theorem 5 (Lovász Local Lemma): Let be a set of bad
be two
events over some probability space. Also, let and
numbers satisfying
, such that for each
,
,
•
is mutually independent of a set of all but at most of
•
the events in .
Then with positive probability none of the events in occurs.
Using this, we can show the existence of a random code as
aforedescribed.
Theorem 6: There exists a decoding function that allows
the algorithm to serve without resetting each sequence of value
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requests

with
and
.
.
Proof: Consider the cell state vector
We define the weight of as
. We also say
is an out-neighbor of if there exists
that
and
. If is an
some such that
out-neighbor of , then is an in-neighbor of .
We show the existence of a decoding function such that for
and
each cell state vector with
, has some out-neighbor
for each value
containing value vector . This immediately implies the claim.
We use the Lovász Local Lemma. The probability space is
is chosen independently and
the natural one: each value
. For each , with
uniformly at random from
, we define the bad event
to be that there exists some value vector such that no outneighbor of decodes to . To bound the dependency between
depends only on the
bad events, note that each bad event
shares
value assigned to each out-neighbor of , and hence
a dependency with no more than
other bad events.
can be bounded as follows.
The probability of a bad event
has at least
When
positions with values less than . Each position corresponds to
an out-neighbor of . Now fix any value vector . The probadifferent out-neighbors fail to
bility that the at least
decode to is at most

There are
different value vectors, and
must be less than
for the theorem to be nontrivial. By a union bound, the probability that some value vector cannot be obtained from the de.
coding of an out-neighbor of is upper-bounded by
, the Lovász Local Lemma applies, and there
As
exists some decoding function with the desired property.
We note the logarithmic dependence on in the argument
arises from the value of , and the dependence on arises because each value of the decoding function is chosen randomly
possible values. It seems difficult to improve these
over all
values with this argument, even in the restricted model where
only one variable value (and not the entire vector) is allowed
to change at each step. However, analysis of worst-case codes
has improved recently, giving better bounds. In [6] a code with
is given (only the case
worst-case deficiency
is considered there, but the result given generalizes easily)
and further improvements in [17] reduce the worst-case defi. The best of these reciency to
sults dominate ours when is large; one could start with the
code of [17] and then switch to the code guaranteed by Theorem 6 when is small to have the best of both results, but this
does not change the asymptotics.
We can also naturally improve the bound by considering the
expected deficiency on a fixed sequence for the natural greedy
decoding algorithm, instead of the worst case over all sequences.
, and
Theorem 7: Fix a request sequence
choose a random code. The expected deficiency (over the

IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 56, NO. 3, MARCH 2010

random choice of code) on that request sequence is at most
.
Proof: Again, we assume a greedy algorithm for defining
the rewriting function: if increasing a single coordinate by one
will lead to a cell state vector that decodes to the proper variable
value, make such a move, choosing randomly from all possible
such moves if there is more than one. However, in this case, if
no such move exists, we simply choose a coordinate indepen,
dently and uniformly at random that does not have value
increase it by one, and continue to look greedily for a single
increase in a single coordinate that leads to a suitable cell state
vector. (If none is found by repeating this greedy method, a reset
eventually occurs when the block is full, all cells having value
.) Let
be a 0/1 random variable that takes the value
1 if the request is handled successfully when the weight of the
cell state vector is . Using the principle of deferred decisions
[20], we can randomly assign the decoding value for the cell
state vectors of weight only after we have reached the point
in the request sequence where the cell state vector has weight
. Then we see that the
are independent, and the number
of out-neighbors when the weight of the cell state vector is is
. Hence the expected number of successful
at least
moves until the block is full is at least

This yields the theorem.
The proof of Theorem 7 pessimistically assumes a worstcase bound on the number of out-neighbors as a function of the
weight. It seems that if we had a finer analysis of the number of
out-neighbors as a function of weight for the process, we would
improve this bound.
Here we consider another improvement by more carefully
choosing moves. If there are several possible cells where increasing a single coordinate by one would lead to the proper
variable value, the natural strategy is to choose to increase the
value of the cell with the smallest current value, instead of randomly. Surprisingly, assuming that is sufficiently large, we
can give a very detailed analysis of this approach, showing that
. Call this encoding
the expected deficiency is at most
algorithm Least.
Theorem 8: The Least algorithm with a random code has exon any fixed input sequence, where
pected deficiency
term is vanishing with , as long as
the
.
Proof: We divide the process in phases: the first phase will
, while the th phase
run through requests
will run through requests
.
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TABLE I
AVERAGE LONG-TERM COST (RESETS/MOVES) OF VARIOUS FLOATING CODES AS p VARIES

We say that phase
ends well if after request
,
there exists
, such that
cells have value
;
•
cells have value
; and
•
cells have value .
•
We show that, with probability at least
, phase
1 ends well with all requests requiring only a single cell incre, we show that if phase
ment. Also, for each
ends well, then with probability at least
phase also ends well with all requests requiring only a single
ends
cell increment. Finally, we will show that if phase
is at most
well, then the expected deficiency from phase
, proving the statement.
Suppose that, for some
, phase
ended
of cells of
well. Then, at the beginning of phase , the set
has cardinality
; also,
value
and
.
First consider the cells in
at the beginning of the phase.
If at least one such cell exists, the probability that no such cell
will be incremented after requests is at most
. Thus after at most
many requests,
will be empty with probability at least
.
, the probability that a
Also, as long as
request cannot be served by incrementing a cell of value at most
is upper-bounded by

Thus, with probability at least
, after
requests
will be empty; (b)
will have size
of phase : (a)
(it had size
elements got to it from
, and
elements of
moved to ); (c)
will have size
; and (d)
will be empty.
In the last requests of the phase, again with probability at
least
, each element will be served by either a move
to
or from
to
. Say that the former case
from
times. Since
, at the end of the phase
happens
, while
.
The same reasoning, with small modifications (that is,
set to 0) also applies to phase 1. Hence with high probability
(at least
) all phases up to
end well with
all requests requiring a single cell increment. As the maximum

, the bad events have only a
possible deficiency is
influence on the expectation.
So it only remains to be proved that the expected deficiency
is at most
if phase
ended well.
of phase
we have
In this case at the beginning of phase
. Also, with high probability, after
many requests
will become empty, leaving
and
, for some
such that
. Again, with
high probability, up to this point all requests take a single cell
increment. From that point the expected additional deficiency of
is bounded by
phase

The result follows.
Finally, it is also worth noting that there is a simple
lower bound for the deficiency in the worst
case where the request sequence is chosen by an adversary
who is given the code. This is a simple generalization of [13,
Theorem 2], so we do not repeat it here.
VI. SIMULATIONS AND COMPARISONS
A. 2DGC and Related Codes When
We present some results based on simulating the performance
of our codes. In Table I, we compare three different codes for the
. First, we consider the 2-dimensetting where
sional Gray Code (2DGC) previously described. We also consider a modified version, 2DGC , described below. Finally, we
consider the worst-case optimal code (2DWC), from [13]. The
resulting average long-term costs, corresponding to (1), are obtained by running the appropriate Markov chain for 100 000 000
steps. (While we could have instead determined the values by
explicitly computing the equilibrium distribution for each chain,
we found it useful to develop a simulator in the process of our
work.) We vary across a range of values, and present the corresponding costs (to four decimal places). We also similarly consider the 3-dimensional Gray Code (3DGC) and the worst-case
optimal code for three dimensions (3DWC).
A simple but useful improvement on the 2DGC, especially
when is small, is to change the lower-right corner to 11 from
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TABLE II
AVERAGE DEFICIENCY OF THE TRIVIAL APPROACH (METHOD A) WHEN
p
: , WHICH GROWS ROUGHLY PROPORTIONALLY TO n
q

p

=05

+

Fig. 6. The 2DGC . Changing the lower right corner gives a slight improvement.

00, as in Fig. 6. This is what we call 2DGC . This change improves the average cost because if the process is at 00 on the
lower-right corner, the next transition will cause a reset to the
upper leftmost 01 or 10 position. However, the process would
transition to the same position when starting from the 00 in the
upper left corner. Hence, when the process reaches the cell 00
in the lower right hand corner, it saves nothing over resetting to
the upper left corner, since the next move will lead to the same
position. The cost is therefore reduced by instead using the cell
to hold value pair 11, which can usefully prevent a reset for one
further move on some occasions.
As can be seen from Table I, with these parameters the 2DGC
code performs better than the worst-case code, except for some
. This is perhaps not surprising, in that the
cases where
worst-case code was designed with a different consideration in
mind. Our main point, however, it that it is interesting that a
single code outperforms this code over the entire range of .
The 2DGC variation performs even slightly better than the
2DGC, although the gap quickly vanishes with , as one would
expect. The additive gap between the worst-case code and both
the 2DGC and 2DGC also declines with , but the multiplicative gap actually appears to increase. That is, assuming that the
lifetime is dominated by the time between reset operations and
that our model is suitable, the percentage increase in lifetime
by using 2DGC or 2DGC as the underlying code is increasing
with .
Similar results are obtained with the 3DGC, also presented in
Table I. Again, we see significant improvements over the worst
case code across the entire range of . Hence, while our results for these codes are asymptotic, and they may in fact not be
optimal, the principle behind their design yields demonstrably
better performance over worst-case codes given our assumptions.
Finally, we note that the 2DGC and 2DGC codes are sym; the differences
metric and obtain the same values for and
in our table arise because we are simulating performance. The
2DWC, 3DWC, and 3DGC codes are not symmetric.

TABLE III
AVERAGE DEFICIENCY FOR METHODS B AND C, WHICH GROW ROUGHLY
PROPORTIONALLY TO q

p

B. Extensions to Larger
We recall that in Section III-B we described multiple ways
to extend the 2DGC approach to larger values of , again with
. The first (Method A) was simply to glue together
multiple 2DGC codes, starting a new pair of cells whenever a
boundary is reached. As expected, simulations show that the av, as shown by
erage deficiency in this case grows like
the sample data in Table II. Here the averages are taken over 100
; other values of have similar behavior. Our
trials for
second approach (Method B) also glues together multiple 2DGC
codes but moves single steps along the boundary of old cells
when possible. Our final approach (Method C) utilizes 2DGC
codes but uses the left-right methodology of [24]. Methods B

and C are compared in Table III. Both obtain excellent performance, nearly the same but with Method C performing slightly
better.
C. Random Codes
For our simulations of random codes, we study the two
schemes described in Section V. In one scheme, we choose
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TABLE IV
AVERAGE DEFICIENCY FOR SIMPLE AND LEAST STRATEGIES USING RANDOM
CODES

randomly a move that increases a single coordinate by 1 if
one is available, and otherwise we increment a coordinate
independently and uniformly at random and continue; call
this algorithm Simple. We also consider the scheme where
we choose the move that increases the least loaded coordinate
by 1 if there exists a move that puts us in the right state,
and otherwise we increment the least loaded coordinate and
continue; call this algorithm Least. Recall that at any step
the variable vector can change completely, and there are
different possible values. The table again represents the average
of 100 trials per entry.
Table IV demonstrates that the expected deficiency of Least
strategy is indeed approximately when is sufficiently large,
as shown in Theorem 8. It would be helpful to have a better
understanding of both the Simple and Least strategies, which
both appear to enjoy a range where performance increases as
increases. The data also suggests that while the Least strategy
sometimes performs much better than the Simple strategy, with
other parameter settings their performance is comparable.
VII. CONCLUSION
We have argued for the study of average-case performance
of floating codes, suggesting a general model and considering
restricted cases in order to obtain some specific initial results.
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We have found simple, asymptotically optimal codes for storing
two bit values under the model that the first bit is the next to flip
with probability . We have also found that Gray codes provide
a potentially useful building block in the design of such codes,
combining simplicity with strong performance. Our initial work
suggests that designing floating codes for expected performance
is a potentially feasible approach that could improve practical
performance.
We conclude with a large number of open questions.
• Are there versions of the code optimization problem we
have described that are NP-hard or harder?
• Can one find efficient approaches to find optimal floating
codes for expected performance? Or approaches that are at
least efficient for small parameters?
• Our Gray code constructions are vulnerable to patterned
sequences of bit changes. Can we modify our codes to
avoid this problem with little additional cost?
• Can we find expressions for lower bounds on the cost as a
, and the Markov chain on the value varifunction of
ables? Can we find specific lower bounds for the Markov
chain where the th bit is the next to flip with probability
?
• Under what circumstances is there wasted space, in the
sense that there are cell state vectors that are never reached
in the optimal solution? Are there other possible utilizations for such cell states?
• What gains are possible considering small families of
codes, instead of single codes, where one of the codes
from the family can be chosen each time a reset occurs?
• Can we find constructions for larger values of the parameand ?
ters
• What results can be obtained for expected performance in
similar settings using error-correction [12] or buffer coding
[3]?
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