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Abstract
√
√
Consider the following problem of laying out a set of n images that match a query onto the nodes of a n × n
grid. We are given a score for each image, as well as the distribution of patterns by which a user’s eye scans the nodes
of the grid and we wish to maximize the expected total score of images selected by the user. This is a special case of
the Markov layout problem, in which we are given a Markov chain M together with a set of objects to be placed at
the states of the Markov chain. Each object has a utility to the user if viewed, as well as a stopping probability with
which the user ceases to look further at objects. We point out that this layout problem is prototypical in a number
of applications in web search and advertising, particularly in the emerging genre of search results pages from major
engines. In a different class of applications, the states of the Markov chain are web pages at a publishers website and
the objects are advertisements.
In this paper we study the approximability of the Markov layout problem. Our main result is an O(log n) approximation algorithm for the most general version of the problem. The core idea behind the algorithm is to transform an
optimization problem over partial permutations into an optimization problem over sets by losing a logarithmic factor
in approximation; the latter problem is then shown to be submodular with two matroid constraints, which admits
a constant-factor approximation. In contrast, we also show the problem is APX-hard via a reduction from C UBIC
M AX -B ISECTION.
We then study harder variants of the problem in which no gaps — states of M with no object placed on them
— are allowed. By exploiting the geometry, we obtain an O(log3/2 n) approximation algorithm when the digraph
underlying M is a grid and an O(log n) approximation algorithm when it is a tree. These special cases are especially
appropriate for our applications.
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Introduction

Given a Markov chain M and a set U of objects, we seek an optimal assignment of objects to the states of the Markov
chain. Consider a user walking through M viewing the objects at visited states. Associated with each object u ∈ U is
a probability pu that the user exits the walk upon viewing u, together with a value νu that represents the user’s utility
on viewing u. Depending on the application, the Markov chain represents either the passage of a user’s eyes over
objects on a web page, or the transit of a user through pages on the Web. Our goal is to optimally place (some of) the
objects on the states of M , with a maximum of one object per state. This problem arises in the algorithmic layout of
Web pages and Web sites; we describe a series of (increasingly intricate) cases arising in practice:
(1) In classical web search, the objects are web pages; the search engine scores these for a query and places 10 topscoring pages into the 10 slots on the search results page. The total benefit to the user of these 10 results is measured
by the rank-biased precision [15], which is a geometrically weighted sum of the scores of the top 10 results. This
measure can be viewed as the expected total score of pages seen by a user transiting through a Markov chain with
10 states, where at each step the user chooses to read a page (thereby obtaining utility) or not, and chooses to exit or
not. If the probabilities of exiting are independent of the slot/object, the trivial strategy is to place the ten top-scoring
documents in the 10 slots, in decreasing order of scores. More generally, these probabilities are object-dependent,
making the problem harder (more on this below).
(2) In image search, the objects are images. The image search engine scores these for a query and must place
top-scoring images into the slots in a rectangular matrix that is presented to the user. The standard algorithm sorts
the images in decreasing order of score, and places them in row-major order in the matrix. However, eye-tracking
studies show that users do not scan an image results page in row-major order — rather, their eyes tend to traverse the
page in a cross-like trajectory, with some randomness [16]; see also Figure 2. We may view such user eye-tracks as
a Markov chain with a state for each matrix position (thus the graph underlying M is a grid graph), with transition
probabilities dominantly in the rough shape of a cross. In fact, such “non-linear” eye traversals are common even in
page layouts other than the rectangular matrix [8, 2, 5]. Thus our formulation with Markov chains in two dimensions
models settings such as Google’s Universal search, Microsoft’s Bing, and Yahoo’s slotted direct displays, as well as
many product and fare searches — in all cases, results pages have a two-dimensional placement of objects that are not
only linear lists of links, but include photos, maps, fares etc. juxtaposed in two dimensions.
(3) A website consists of a set of web pages, with hyperlinks amongst them; a content publisher such as Yahoo! or
CNN is a good model to keep in mind. The content on these pages induces a user to walk through the links following a
Markov chain. The objects are advertisements, each of which has a payoff to the publisher (because the user views or
clicks on the advertisement, with an associated payoff). The objective is to place the advertisements so as to maximize
the publisher’s total payoff. In this setting, the Markov chain does not have to be planar or have any simple structure.

1.1

Our contributions

The model. Let M be a Markov chain over a state space S of size n, where Mi,j is the transition probability from
state i to state j. Each state in S represents a “slot” that can be filled with an object (e.g., an image, an advertisement,
a URL, a text snippet). The Markov chain also has two distinguished states s (source) and t (sink) that represent the
beginning and the end states. The sink will not be assigned any object and Mt,t = 1.
Let U be a universe of objects. Associated with each object u ∈ U is a pair hpu , νu i, where pu ∈ [0, 1] is the
stopping probability, i.e., the probability that the user stops after looking at object u and νu is the utility accrued if the
user looks at object u.1
Let π : S → U ∪ {⊥} be a mapping from states to objects, where ⊥ means no object is placed in the state; by
convention, π(t) = ⊥. Let ν⊥ = p⊥ = 0. Given such a mapping, the stochastic process works as follows. The user
starts from the source s of the Markov chain M and performs a random walk according to M . If the user is currently in
state i, a utility of νπ(i) is accrued. The user then flips a coin and with probability pπ(i) walks to t and with probability
1 − pπ(i) walks according to Mi,? . Notice that the walk effectively ends and the total utility is frozen whenever the
user reaches the sink t.
1 We assume that all the probabilities are rationals, represented as a ratio of two O(log n)-bit numbers. Also, in practice, we will have |U |  n;
our approximation factors will be in terms of n.
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Definition 1 (Markov Layout problem (MLP)). Given a Markov chain M and a universe U of objects, the Markov
layout problem (MLP) is to find an assignment π from the states S of M to U ∪ {⊥} such that the expected total utility
is maximized and no object is assigned to more than one state.
We focus on the following cases of MLP, depending on the structure of the input and the requirements on the
output. These cases are directly motivated by our primary application domains; from a theoretical standpoint they
also provide an understanding of the boundary cases of the hardness of the problem. We outline these cases through
restrictions on the input structure, as well as on the output.
(1) Input structure: We consider settings where the graph structure of the underlying Markov chain can be exploited. The graph can be arbitrary or can be a DAG, a directed acyclic planar grid, tree, etc. Note that grid-like
graphs are of particular interest for planar object layout on a web page; for example, this captures the layout of image
search results or the layout of products on shopping webpages. We also address the special case where the stopping
probability is the same for all the objects.
(2) Output requirements: In certain settings, we demand that the assignment π leaves no state (except t) unfilled,
i.e., π : S \ {t} → U ; this is the gap-free MLP. This induces subtle but important differences both in our algorithms
(as will be evident) and in practice. Leaving a gap in the assignment is equivalent to not distracting the user with an
unnecessary advertisement or object, in pursuit of greater utility elsewhere in the layout; this phenomenon is in fact
understood by content publishers and portals. In other settings, we relax the condition that the assignment is injective,
i.e., we allow objects to be reused; this is the multi-use MLP (Appendix C).
Main results. Our main result is that MLP can be approximated to within a factor O(log n). The core idea behind the
algorithm is to transform an optimization problem over partial permutations into an optimization problem over sets by
losing a logarithmic factor in approximation; in the course of this, we define a linear version of MLP. We then show
how to approximate this linear version by expressing it as a submodular function with two matroid constraints. As far
as we know, this is the first time that an optimization problem over partial permutations, whose objective function is
an unbounded-degree polynomial, is solved through a reduction to submodular maximization over sets. On the other
hand, we show that MLP is APX-hard via a reduction from M AX -B ISECTION.
In contrast, gap-free MLP turns out to be much harder. Even if the underlying graph is a DAG with a single
self-loop, each object has unit utility, and the stopping probabilities are binary, we show that gap-free MLP is inap1−
proximable to within Ω(2n ); we also show this to be near-optimal. This result can be found in Section 5.
We then focus on important cases when the digraph underlying M has a special structure. We obtain an O(log3/2 n)approximation algorithm for the harder gap-free MLP on grids (Section 4) and an O(log n)-approximation for gap-free
MLP on directed trees (Appendix A); these algorithms work by carefully exploiting the geometry of the setting. We
also obtain a quasi-PTAS for directed trees, generalizing the work of [13]. These special cases are appropriate for the
applications that motivated this work.
A summary of the main results is shown in Table 1. All missing proofs are presented in the Appendix.
Remarks on the model. First, in our model, the utility accumulates as the states are revisited, whereas it is sometimes
desirable to discount revisits to a state (in the extreme case, only the first visit to a state would be considered). Without
becoming non-Markovian, we can model such a discounting loosely by reducing every transition probability by some
factor.
Second, it is tempting to question the need for having both utility and stopping probability for an object. However,
they are two different facets of an object: for example, in web search, if the query is information-seeking, search
results with high utility do not necessarily have high stopping probability.
Third, one might consider the seemingly more general model where an object u is associated with a non-negative
quintuple hqu,1 , qu,2 , qu,3 , qu,4 , gu i with qu,1 + qu,2 + qu,3 + qu,4 = 1, where gu is the utility if the user clicks on the
object. A user looks at u and clicks and stops with probability qu,1 , does not click but stops with probability qu,2 , does
not click and moves to the next state with probability qu,3 , and clicks and moves to the next state with probability qu,4 .
By letting νu = gu · (qu,1 + qu,4 ) and pu = qu,1 + qu,2 , it is easy to see that the expected total utility in this setting is
the same as the original setting.
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1.2

Related work

Aggarwal et al. [1] as well as Kempe and Mahdian [13] study special cases of the linear cascade model of Example (1)
(see Section 1), in the context of sponsored search advertisements. For the special case when M consists of a line with
all transition probabilities being equal, they give an exact solution to our problem. The authors of [13] also consider
a more general model where the Markov chain’s probabilities are themselves sampled from a distribution before the
user navigates its slots — the aim is to optimize the ad placement given the distribution. For the general setting of
Example (1), they give a 4-approximation algorithm, as well as a quasi-PTAS. Giotis and Karlin [10], Deng and Yu
[7], and Gomes, Immorlica, and Markakis [11] study the equilibria of ad slot auctions using the model of Example 1.
Craswell et al. [6] give some empirical evidence (from click logs) in support of the linear model; thus our extension
for image search in two dimensions has a natural basis in their work. Charikar et al. [4] consider a seemingly related
but in fact different problem: they have multiple Markov chains representing the behavior of two or more classes of
users, each with its own Markov chain on a common set of states. They focus on inferring the user’s class from a
prefix of the user’s trajectory; this information is used to place class-specific advertisements on the states. In [5] we
report on the empirical study of several simple heuristics for the web image search problem, demonstrating tangible
improvements in practice over the simple row-major ordering used hitherto in image search engines (Figure 3).

Problem
General MLP

Approximation
Hardness
O(log n)
APX-hard
(Theorem 17) (Theorem 21)
1−
Gap-free MLP
2O(b)
2n
1+
(b = n )
(Theorem 4)
(Theorem 22)
3/2
Gap-free MLP
O(log n)
(Acyclic grids) (Theorem 20)
Gap-free MLP
O(log n)
(Directed trees) (Theorem 23)
Table 1. Summary of results.

Figure 2. Eye-gaze on image search.

Figure 3. Inferred gaze ordering [5].
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Warm-up: Easy cases

We begin with simple observations about the problem on general Markov chains.
Theorem 2. MLP and gap-free MLP are in P if the optimum has infinite expected utility.
Next, we address another important special case: when all the objects have the same stopping probability and we
require that the solution be gap-free.
Theorem 3. Gap-free MLP is in P if the stopping probability is the same for each object.
Utilizing the characterization in Theorem 2, we can also show
Theorem 4. Gap-free MLP can be approximated to within factor 2O(b) , if b is the number of bits in the input instance.
Later, in Section 5, we show that the above approximation is essentially tight. Finally, we observe a trivial approximation for DAGs. The depth of the DAG is the length of the longest path from the source s.
Proposition 5. MLP and gap-free MLP on DAGs can be approximated to within a factor d, where d is the depth of
the DAG.
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An O(log n)-approximation algorithm

In this section we present an O(log n)-approximation algorithm for MLP. The idea behind the algorithm and the
analysis is to reduce the objective function, which is an unbounded degree polynomial to be optimized over a set of
partial permutations, to a more manageable submodular function over sets.
Here is an overview of the algorithm. To go from permutations to sets, we first do a series of simplifying transformations that only lose constant factors in approximations (Section 3.1). The next step is to create logarithmically many
buckets with objects of similar ratios of utility to stopping probability, and focus on one such bucket; this will only cost
a logarithmic factor in the approximation. In order to show that similar ratios are indeed the right level of granularity,
we introduce a new stochastic process that replaces each high-utility object with a larger stopping probability by a
sequence of smaller objects such that in expectation, the utility and the stopping probabilities are comparable (Section
3.2). This leads to a linear version of MLP. Finally, we show that the linear version is equivalent to a submodular
function with two matroid constraints and hence is approximable to within a constant factor (Section 3.3).

3.1

Simplifying steps

We begin by considering the case when the stopping probabilities are zero for all the objects.
Lemma 6. MLP can be solved optimally if pu = 0 for all u ∈ U .
Next, we show that it suffices to consider only the objects with positive stopping probabilities bounded away from
1 at the expense of losing a constant factor in the approximation.
Lemma 7. Let γ ∈ (0, 1]. If instances of MLP in which ∀u ∈ U , pu ∈ (0, γ) can be approximated to within a factor
of α, then the general MLP can be approximated to within a factor 1 + α + 1/γ.
Proof. Let A be a given instance of the Markov layout problem. Let Z = 1 + α + 1/γ.
Now, consider an optimal solution π ∗ for A. The total value of π ∗ is the sum over the states xi of the Markov
chain of the utility of the object in xi , νπ (xi ), times the expected number of visits to xi . Removing an object from an
arbitrary state xi voids that state’s contribution to the sum, but does not decrease the contribution of other states to the
sum. (In fact, leaving an empty state entails a stopping probability 0 in that state, so that the expected number of visits
to each of the other states does not decrease.)
(1) Suppose the total utility of the states containing objects with zero stopping probability is at least a = 1/Z of
the total utility of π ∗ . Then, if we take the instance A, remove all the objects with positive stopping probability to
obtain an instance B 0 , and apply the S ORT- AND -M ATCH algorithm on B 0 , we are guaranteed that the optimal solution
to B 0 is a Z-approximation to the optimal solution to A.
(2) Suppose instead that the total utility of states containing objects with stopping probability at least γ is at least
b = 1/(γZ) of the total utility of π ∗ . Then, if we remove all the objects with stopping probability at most γ from π ∗ ,
obtaining an assignment π 00 , we have that the total utility of π 00 is at least 1/(γZ) times the utility of π ∗ . On the other
hand, since
in π 00 have continuing probability at most 1 − γ, we have that, in expectation, we will visit
P∞all the objects
i
at most i=0 (1 − γ) = 1/γ objects in a walk. The utility of π 00 is therefore at most 1/γ times the maximum utility
of an object in π 00 . Therefore, taking the object with stopping probability at most γ and with the largest utility, and
placing it in the source state s, gives a 1/γ-approximation to the utility of π 00 , and hence a Z-approximation to the
utility of π ∗ .
(3) Finally, suppose that at least c = α/Z of the total utility π ∗ is given by objects in A with stopping probability
in (0, γ). We then remove from A all the objects with stopping probability not in (0, γ) to obtain an instance B. An
α-approximate solution to B will then be a Z-approximation to A.
Since a + b + c = 1, at least one of the premises of three cases holds, and the claim follows.
Let pmin be the minimum non-zero stopping probability in the given instance. Since stopping probabilities are
1
ratios of non-negative integers of O(log n) bits each, we have pmin = min u∈U pu ≥ poly(n)
.
pu >0

Next, we show that once again by sacrificing a small factor in approximation, we can assume that the maximum
ratio between two object utilities is 1/(pmin ), for every sufficiently small constant .
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Lemma 8. For any 0 < h < 1, if iinstances of MLP in which ∀u ∈ U, pu ∈ (0, γ) and the ratio of the utilities of
1
can be approximated to within a factor α, then instances of MLP where all the
two distinct objects are in 1, pmin
stopping probabilities are in (0, γ), can be approximated to within a factor (1 + )α.
Proof. Let u be the most valuable object, i.e., u = argmaxu∈U νu in the given instance A. We claim that removing
from the instance all objects u0 6= u such that νu0 ≤ pmin νu still guarantees that the resulting instance B has an
optimal solution within a (1 + ) factor of the optimal solution to A.
Indeed, since there is no object in A with zero stopping probability, we have pmin = minu∈U pu > 0, and thus an
upper bound on the expected number of objects that can be visited in the random walk is
∞
X

(1 − pmin )i =

i=0

1
.
pmin

Removing from the solution all the objects u0 such that νu0 ≤ pmin νu to obtain B reduces the solution’s utility
by at most the expected number of such u0 ’s we can encounter in a random walk times their maximum utility, i.e.,
(1/pmin )pmin νu = νu . Finally, observing that a solution that places u in the starting state s has utility at least νu
yields the claim that a α-approximate solution to B is a ((1 ± )α)-approximate solution to A. Note that since the
smallest utility is positive, rescaling the utilities so that the minimum is 1 does not change the approximation ratio of
the problem.

3.2 k̄-process and linear MLP
We will now consider a generalization of our process. This will be useful in the next reduction for grouping together
objects with (very) different utilities and stopping probabilities. The generalization shows that our process — in which,
the user visits a state, a utility is accrued, and then possibly a stop event is triggered — can be well-approximated by a
continuous process where the user visits a state and an arbitrarily long sequence of gains/possible-stops happens. The
generalization is parametrized by k̄ = (ku1 , ku2 , . . .) where, ∀u ∈ U , ku is a positive integer.
Definition 9 (k̄-process). When the user sees the object u, a process of ku rounds
√is started: at the beginning of each
round, a utility of νu /ku is gained. Then, a coin with head probability 1 − ku 1 − pu is flipped independently of
previous flips. If heads comes up, then the user negatively stops the process. Otherwise, the user moves on to the next
round, or the user positively stops the process if all ku rounds have been played.
Clearly, our original Markov process is a 1̄-process: a negative stop corresponds to a stopping event and a positive
stop corresponds to a new move according to the Markov chain. We now prove a lemma that compares the utilities
accrued by the k̄-processes and our original process, when the user sees an arbitrary object u. Let µu (ku ) be the
expected utility accrued when the user sees object u according to the k̄-process.
1 −1
Lemma 10. For each ku ≥ 1, we have νu ≥ µu (ku ) ≥ f (pu )νu , where f (p) = p(ln 1−p
) for p ∈ (0, 1) and
f (p) = 1 − p for p = 0, 1. Furthermore, f (p) is a decreasing function of p, for p ∈ [0, 1]. Also, the probability that
the user negatively stops the process while looking at u is pu for each ku ≥ 1.

Proof. First of all, observe that the lower bound on the expected utility of the k̄-process at state xi is trivial if pu = 0, 1.
In the former case, a gain of νu /ku will be accrued at each of the ku steps spent in state xi , so the utility will be νu
with probability 1. In the latter case, the lower bound equals 0, so the statement follows from the observation that no
utility can be negative. Therefore, we assume pu ∈ (0, 1).
By definition, µu (1) = νu . Now, the expected utility of object u in the k̄-process is
µu (ku ) =

ku −1 
j
p
νu X
pu
ku
.
1 − pu = νu
√
ku j=0
ku 1 − ku 1 − pu
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We upper bound the
denominator
so to get
that, for each x ∈ (0, 1), it

 a lower bound for µu (ku ).αRecall
Platter
∞
α
αn
n
holds that (1 − x)α = n=0 α
(−x)
,
where
is
the
generalized
binomial
=
n! . Therefore,
n
n
n
!
∞
j


X
p
(1/ku )
j
ku 1 − ku 1 − pu = −ku
(−pu )
j!
j=1
!
!
∞
∞
j−1
X
X
1/k (1/k − 1)j−1
(1 − 1/ku )
u
u
j
= −ku
(−pu ) =
pju
j!
j!
j=1
j=1
 X

∞ 
∞ 
X
1
1 j
(j − 1)! j
pu =
pu = ln
,
≤
j!
j
1
−
pu
j=1
j=1
P∞ n
where the last step follows from the well-known identity ln(1 − x) = − n=1 xn , which holds for x ∈ (−1, 1). The
upper bound on µu (ku ) is trivial since the maximum utility one can accrue during a visit of xi in the k̄-process is
ku × νu /ku .
Next, observe that
x
1
x

=
=P
f (x) =
P∞  1 j  .
1
∞
1 j
ln 1−x
1 + j=1 j+1 x
j=1 j x
Finally, since limx→0+ f (x) = 1 and limx→1− f (x) = 0, and since f (x) ∈ (0, 1) for each x ∈ (0, 1), we conclude
that f (x) is decreasing in [0, 1].
Clearly, the probability that the user negatively stops the process is pu . Indeed, the probability of a negative stop
ku
√
event is 1 − ku 1 − pu
= pu .
For each object u ∈ U with pu > 0, we associate the integer ku = dpu /pmin e. Given a path Ψ in the Markov
chain, Ψ = (x1 , . . . , x|Ψ| ), and an assignment of objects π to the states of the Markov chain, we let Ψ+ (i) = Ψ+
π (i)
be the object in the ith non-empty state in Ψ with the assignment π, and Sπ (Ψ) be the number of non-empty states
in Ψ. We also let P = Pπ be the set of directed paths Ψ starting at the source s, and ending in the sink t, that pass
through at least one non-empty state. Finally, let K = KΨ,π be the sum of the ku ’s of the objects u in path Ψ in the
PSπ (Ψ)
assignment π, KΨ,π = j=1
kΨ+ (j) .
We now define a new problem and show that its solutions can be used to approximate the original MLP.
Definition 11 (Linear MLP). Given an assignment
π, we define




 |Ψ|−1
X
Y
1
min KΨ,π ,
VL (π) =
Mxj ,xj+1  .
pmin
j=1
Ψ∈P

The linear MLP is to maximize VL (π) subject to the same conditions as in the general MLP.
By the same conditions, we mean that no object can be used more than once and each state can be assigned at most
one object. We now show that, under some assumptions, an approximate solution to the linear MLP is an approximate
solution to MLP.
Lemma 12. Suppose that an instance of MLP is such that all the
probabilities
are in (0, 1/2) and all the
 stopping

2
utilities are in [1, 1/(pmin )]. Then there exists some
0
≤
i
<
log
1/(p
)
=
T
,
such
that if we remove from
min


the instance all the objects u for which νu /pu 6∈ 2i , 2i+1 , then if an assignment of the remaining objects is a
c-approximation to the linear MLP, then it is also an O(cT )-approximation to the original instance.
Proof. Let V (π) be the expected utility of the assignment π on the given instance of MLP. Then2 ,


|Ψ|−1
|Ψ|−1
X
Y
X


V (π) =
(1 − pπ(xj−1 ) )Mxj−1 ,xj pπ(x|Ψ|−1 )
νπ(xi )  .
Ψ=(s=x0 ,...,x|Ψ|−1 )
2 Recall

j=1

i=0

that if t is the sink, then νπ(t) = 0, pπ(t) = 1.
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We now partition the objects lin U into mbuckets, where the bucket Bi will contain all objects u ∈ U such that


= T . Observe that T = O(log n).
νu /pu ∈ 2i , 2i+1 with 0 ≤ i < log p21
min
∗
Consider an optimal solution V ∗ (achieved by
can rewrite its utility as
Xπ ) to the given instance of MLP. We

∗
∗
V = V (π ) =
νπ∗ (x) E[# of times x is reached]
x6=t

=

T
−1
X
i=0

X


νπ∗ (x) E[# of times x is reached] .

x6=t
π ∗ (x)∈Bi

Let i∗ be a (not necessarily unique) index of the outer sum of the previous expression that maximizes the inner sum.
Observe that the inner sum for i = i∗ is the utility obtained by considering only the utilities of the objects in bucket
Bi∗ . Suppose we remove all other objects. The expected number of visits to a state, for each state, is not decreased
(since an empty state, i.e., a state with a gap, has stopping probability zero). Thus, by our optimal choice of Bi∗ , we
∗
have that the utility of the new solution is at least VT .
For each 0 ≤ i < T , we create the instance Di containing the objects in Bi . We are guaranteed that at least for
one of the Di ’s, its best solution will be a T -approximation to the given instance. For the generic instance D = Di ,
whose every object u is such that ρ = 2i ≤ νu /pu < 2i+1 = 2ρ, we invoke Lemma 10.
Since pu ≤ 1/2 by our assumptions, Lemma 10 guarantees that the value of any solution to MLP is within a factor
of 1/f (1/2) = ln 4 of the value of the same solution to the k̄-process problem. Therefore, if we c-approximate the k̄process MLP, then we obtain a (cT ln 4)-approximation to our original MLP. We now show that the objective function
of the k̄-process MLP approximates VL (·), the objective function of linear MLP.
We start by analyzing the per-round stopping probability p̄u of the k̄-process instance, for the generic object u.
l
m−1

−1
pu
pu
p
+1
≥ 1 − (1 − pu ) pmin
p̄u = 1 − ku 1 − pu = 1 − (1 − pu ) pmin
pmin
pmin
7
pmin
1  pmin 2
≥ 1 − (1 − pu ) 2pu ≥ 1 − e− 2 ≥
≥
−
pmin ,
2
2
2
16
since pmin ≤ 12 . Furthermore,
l

p̄u = 1 − (1 − pu )

pu
pmin

m−1

≤ 1 − (1 − pu )

pmin
pu

≤1−

 pmin
1
≤ (2 ln 2)pmin ,
4

−1

where the middle inequality follows from (1 − x)x ≥ 1/4, for each x ∈ [0, 1/2]. On the other hand, the per-round
gain ν̄u can be bounded by
pmin
pmin
pmin
ρ
pmin ≤ νu
≤ νu
≤ ν̄u ≤ νu
≤ 2ρpmin .
2
2pu
pu + pmin
pu
Therefore, for each object u in instance D in the k̄-process, u’s per-round stopping probability p̄u ∈ [(7/16)pmin , (2 ln 2)pmin ]
and u’s per-round gain ν̄u ∈ [(1/2)ρ, 2ρ].
Consider the following process, which is equivalent to our k̄-process: the user chooses a path Ψ ∈ P according to
its probability given by the Markov chain, i.e., independent of the objects’ placement. Then, each time the user gets
to an object u in the path, the user runs the k̄-process (i.e., for at most ku rounds, a gain of ν̄u will be accrued at the
beginning of each round, and the stopping event at the end of a round will happen with probability p̄u .) The user will
follow the path until it ends at t, independent of the stopping events. Only, when a stopping event happens, the user
will not get the utilities of the remaining rounds in the path.
Let gπ (Ψ) be the expected utility of path Ψ, conditioned on path Ψ to be followed by the user and let VD (π) be
the utility of the instance D with the k̄-process. Then,


|Ψ|−1
X
Y
gπ (Ψ)
VD (π) =
Mxj ,xj+1  ,
j=1

Ψ∈P
Sπ (Ψ)

gπ (Ψ)

=

X
i=1


ν Ψ+ (i)

i−1
Y

1 − pΨ+ (j)

j=1

(i) −1 
kΨ+ (j) kΨ+X

j=0
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1 − pΨ+ (i)

j

.

Let K = KΨ,π =

PSπ (Ψ)

kΨ+ (j) . We will show an upper and lower bound on gπ (Ψ) in terms of K.
m
m
l
 l
2)2
32
1
1
Lemma 13. ρ (1−ln
≤
g
(Ψ)
and
g
(Ψ)
≤
ρ
.
min
K,
min
K,
π
π
2
pmin
7
pmin
j=1



7
2
From Lemma 13, we obtain 32
VD (π) ≤ ρVL (π) ≤ (1−ln
solution to VL (π)
2)2 VD (π).Therefore a c-approximate



64
64 ln 4
is then a 7(1−ln
2)2 c -approximate solution to VD (π), which is then a 7(1−ln 2)2 T c -approximate solution to MLP.

3.3

A constant-factor approximation for linear MLP

Next, we show that linear MLP can be approximated to within a constant factor in polynomial time.
Theorem 14. Linear MLP is approximable to within factor

7
2

+  in polynomial time.

Proof. To show that maxπ VL (π) can be approximated in polynomial time, we prove that VL (π) is equivalent to a
submodular function with two matroids constraints (Lemma 15) and for a given assignment π, the utility of VL (π) can
be computed in polynomial time (Lemma 16). Given these, we can use the submodular optimization algorithm of Lee,
Sviridenko, and Vondrák [14] under k = 2 matroid constraints to yield an approximation of k + 1 + k1 +  = 27 + .
Lemma 15. VL (π) is equivalent to a submodular function with two matroid constraints.
Proof. To prove submodularity, we first need to be more specific regarding the solution space of the VL (π) problem.
First of all, to each object u in the instance we associate an integer ku as before. Then, we consider the universe U × S,
where S is the set of states of the Markov chain. A solution to the problem is a subset of U × S. Note that in general
such a solution may not be feasible for VL (π) since an object might be used in more than one state or a state might be
assigned more than one object. To ensure feasibility for VL (π), we add two matroid constraints: (i) the object matroid
independent sets that contain, for each object u, at most one pair containing the object u and (ii) the state matroid
independent sets that contain, for each state x, at most one pair containing the state x. These constraints ensure that
an object is used at most once and a slot is filled at most once.
Observe that the intersection I = Io ∩ Is of an independent set Io of the object matroid and an independent set
Is of the state matroid can be easily transformed into a feasible solution π = π(I) for VL (π) in polynomial time.
Conversely, each feasible solution of VL (π) can be transformed in polynomial time into an independent set of the
object and the state matroids. Indeed, the intersection is such that each state contains at most one object and each
object is contained in at most one state, which is exactly the definition of feasible solution of VL (π).
P|Ψ| P
0
= i=1 (u,xi )∈A ku . Observe that, if A satisfies
For a path Ψ = (x1 , . . . , x|Ψ| ) ∈ P and A ⊆ U × S, let KΨ,A
0
both matroid constraints and π = π(A) is the assignment induced by A, then KΨ,A
= KΨ,π(A) , i.e., K 0 = K when
A is a valid assignment for the linear MLP. The
 objective VS (A) with A ⊆ U × S is 


 |Ψ|−1
X
Y
1
0
min KΨ,A
VS (A) =
,
Mxj ,xj+1 
pmin
j=1
Ψ∈P

Note that VS (A) = VL (π(A)) for each A satisfying the two matroid constraints.
We now prove that VS (A) 
is a submodular function; observe
 that VS (A) is a weighted sum of terms TΨ (A) =

P|Ψ| P
0
min KΨ,A , d1/pmin e = min
i=1
(u,xi )∈A ku , d1/pmin e , one for each path Ψ. We show that each of the terms
is submodular, thus showing the submodularity of VS (A). Given two arbitrary sets A, B ⊆ U ×S, the following holds.
0
0
(i) If KΨ,A
> d1/pmin e, then KΨ,A∪B
> d1/pmin e, and TΨ (A ∪ B) = TΨ (A). Also, in general, TΨ (A ∩ B) ≤
TΨ (B). Thus, TΨ (A ∪ B) + TΨ (A ∩ B) ≤ TΨ (A) + TΨ (B), and the function is submodular.
0
(ii) If KΨ,B
> d1/pmin e, a similar reasoning applies.
0
0
0
0
(iii) Otherwise we have KΨ,A
, KΨ,B
≤ d1/pmin e and in this case, TΨ (A) = KΨ,A
, TΨ (B) = KΨ,B
and TΨ (A ∩
0
0
0
0
0
B) = KΨ,A∩B . In general, TΨ (A ∪ B) ≤ KΨ,A∪B = KΨ,A + KΨ,B − KΨ,A∩B . Thus, in our case, TΨ (A ∪ B) ≤
TΨ (A) + TΨ (B) − TΨ (A ∩ B); the function is then submodular.
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Lemma 16. VL (π) can be computed in polynomial time.
Proof. Let SA be the set of states of the Markov chain that appear in at least one pair in A. We call these states “nonempty”. Given a non-empty state y ∈ SA and an arbitrary state x in the Markov chain, let qx,y (A) be the probability
that a random walk starting in x hits y before hitting any other non-empty state. For each non-empty state x and
arbitrary state y, qx,y (A) can be obtained by well-known techniques in polynomial time. Start by copying the state x,
and its out-links with their probabilities3 , obtaining a new state x0 , which will be empty (even if x was not so). Then,
remove each outgoing edge from each non-empty state, and add to each non-empty state a self-loop having probability
1. Finally, compute the probability of ending up in the recurrent set {y} if starting from x0 . This can be done with
classical techniques in polynomial time, i.e., by inverting the fundamental matrix of the new Markov chain.
Observe that the expression for VS (A) sums, for each path in P, its probability times the minimum of the sum of
the ku ’s of the objects u it hits and d1/pmin e. If we group paths in P according to the sum of their ku ’s (either K 0 =
1, . . . , d1/pmin e − 1, or K 0 ≥ d1/pmin e) then we can obtain VS (A) by summing, for each k ∈ {1, . . . , d1/pmin e − 1},
the product of k times the probability of following some path in the kth group (i.e., our expected utility from paths
whose objects’ ku ’s sum up to k), and, finally, by adding the product of d1/pmin e times the probability of following
a path whose objects ku ’s sum up to at least d1/pmin e. The probabilities in our sum can be obtained using the
qx,y (π)’s. If Sk (A) is the set of sequences σ having the initial state as first element, followed by non-empty states,
Sd1/p e
P|σ| P
i
σ ∈ {s} × i=0 min (SA ) , such that i=1 (u,σ(i))∈A ku = k, then the probability of following some path in the
kth group, 1 ≤ k < d1/pmin e, is given by

!
|σ|−1
Y
X
X

qσ(i),σ(i+1) 1 −
qσ(|σ|),x 
Pk (A) =
σ∈Sk (A)

i=1

x∈SA

and

|σ|−1

P≥d1/pmin e (A) =

X

Y

qσ(i),σ(i+1) ,

σ∈Sk (A) i=1

which is the probability of following some path in the last group. Observe how the Pk (A)’s, and P≥d1/pmin e (A) can
be easily computed via dynamic programming. We can then express VL (π) as


d1/pmin e−1
X
1
P≥d1/pmin e (A).
VL (π) =
(kPk (A)) +
pmin
k=1
Given the expressions, it is clear that VL (π) can be computed in polynomial time.
Finally, combining Lemma 7, Lemma 8, Lemma 12, and Theorem 14 we obtain the main result.
Theorem 17. MLP can be approximated to within a factor O(log n).
By slightly modifying Lemma 12, we can also prove the following result:
Corollary 18. If, in the input instance of MLP, there are objects u1 , . . . , ut such that for every object u, (νu /pu ) is
within a constant fraction of (νui /pui ) for some i, then MLP can be approximated to within a factor O (t).
Thus, if MLP is inapproximable to better than Ω(log n), then it is so only for instances that have t = Ω(log n)
objects u1 , . . . , ut such that νu1 /pu1 ≥ cνu2 /pu2 ≥ · · · ≥ ct−1 νut /put , for some constant c > 1.

4

A gap-free O(log3/2 n)-approximation for acyclic grids

The algorithm for MLP described in Section 3 can produce assignments with gaps, i.e., there can be states in the
Markov chain to which no object is assigned. In this section, we consider the gap-free MLP for grid graphs and
obtain an O(log3/2 n)-approximation; note that Theorem 17 implies an O(log n)-approximation but with gaps. As we
discussed earlier, grid graphs arise when objects (say image search results) are to be laid out in a grid.
3 Making

sure that if x had a self-loop, that would be copied into a link going from x0 to x.

9

Definition 19 (Grid graph). The grid graph of order n is a (2n + 1) × (2n + 1) grid, with nodes si,j , for −n ≤ i, j ≤ n
— node s0,0 being the source node. Each node assigns the same probability to each of its out-neighbors. Node si,j
has edges to node (i) si+1,j if 0 ≤ i < n, or to the sink t if i = n; (ii) si−1,j if 0 ≥ i > −n, or to the sink t if i = −n;
(iii) si,j+1 if 0 ≤ j < n, or to the sink t if j = n; and (iv) si,j−1 if 0 ≥ j > −n, or to the sink t if j = −n.
The main idea is as follows. First of all, it suffices to work on any one of the four quadrants of the grid if we allow
our algorithm to lose a factor of 4. Then, observe that if the walk actually ends up in this quadrant, it is likely to remain
within a cone around the bisector of that quadrant, since, at each round, the probability of going a step away from the
diagonal is equal to the probability of going a step closer to it. Thus, we can lower bound our utility by what we would
obtain by filling the cone with objects having roughly the same stopping probability. To upper bound the value of the
optimal solution, we observe that the walk, regardless of how objects are placed, is nearly uniformly mixed inside a
slightly smaller cone. Since the ratio between the size of the cones happens to be only polylogarithmic, we obtain our
approximation ratio.
Theorem 20. Gap-free MLP is approximable to within a factor O(log3/2 n) on any grid graph of order n.

5

Hardness results

In this section we show hardness results for MLP and gap-free MLP in fairly restrictive settings; the latter result shines
a spotlight on how algorithmically hard it is to require each state to be filled. We begin by showing that MLP is
APX-hard.
Theorem 21. MLP is APX-hard even if the stopping probabilities and the utilities are in {0, 1}.
Note that from Corollary 18, instances of MLP satisfying property of the previous reduction (and, more generally,
instances in which the number of different types of objects is constant), can be solved approximately with ratio O(1)
in polynomial time. The corresponding restricted MLP is therefore APX-complete.
Next, we show that gap-free MLP is hard to approximate when the underlying graph is a DAG with just one
self-loop and the stopping probabilities are binary.
1−

Theorem 22. It is NP-hard to approximate gap-free MLP to within 2n
DAG with a single self-loop and (ii) ∀u, νu = 1 and pu ∈ {0, 1}.

, for each  > 0, even if (i) the graph is a

In the reduction, the transitions are uniform over the out-neighbors for all but one state. It is possible to eliminate
this exception by increasing the number of cycles. It is even possible to let all states have zero stopping probability.
Also, observe that in terms of bit-complexity b (i.e., the number of bits needed to represent the instance, i.e., O(log n)
bits per edge, plus the bits needed to represent the various probabilities), Theorem 22’s instances have b = n1+O() .
1−
Therefore, the proof of Theorem 22 also guarantees an inapproximability bound of 2b . By Theorem 4, this factor
is nearly tight.
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A

Improved approximations for directed rooted trees

In this section we consider directed trees and obtain two improvements: (i) a gap-free O(log n)-approximation algorithm and (ii) a gap-free quasi-polynomial time approximation scheme. Note that rooted trees are similar to the F -like
eye-tracks on a page reported by [2] and to the placement of advertisements in tree-like websites. Therefore, they are
interesting objects to study in their own right. First, we show that both the general and gap-free MLP on the directed
tree can be approximated to within factor O(log n).
Theorem 23. Gap-free MLP is approximable to within a factor O(log n) on any directed tree of size n.
Next, we obtain a gap-free (1 + )-approximation algorithm for MLP on directed rooted trees. This algorithm,
however, runs in time quasi-polynomial in the tree size. This algorithm is similar in spirit to the Kempe–Mahdian’s
quasi-PTAS for lines [13]. Since lines are trees, this algorithm can be seen as a generalization of the quasi-PTAS of
[13].
Theorem 24. For any  > 0, gap-free MLP can be approximated to within a factor (1 + ) on any rooted directed tree
2
of size n. The algorithm runs in time nO(log n) |U |.
We also note that the same dynamic programming approach can be used to obtain a quasi-polynomial time algorithm for bounded-treewidth graphs. We omit the details in this version.

B

General vs. gap-free solutions

We show that the ratio between the general and the gap-free solutions of the Markov layout problem is unbounded.
Consider the graph depicted in Figure B, where edges are directed from left to right. The transition probabilities are
uniform over the set of out-neighbors.
Suppose we are given two “good” objects with utility 1 and stopping probability 0, and n − 2 “bad” objects with
utility 0 and stopping probability 1. Then, the best solution for the general Markov layout problem is 2 (place the two
good objects at s and x, and leave other slots empty). On the other hand, the best solution for the gap-free Markov
1
(place a good object at s, a bad object at x, and fill the remaining states with the remaining
layout problem is 1 + n−2
n − 3 bad objects, together with the second good object). This gadget can be easily extended to show an unbounded
gap between the two problems.

Figure 1: An example for the general vs. gap-free solutions.

C

Multi-use Markov layout

Here, we show a simple result on the multi-use version of the Markov layout problem. The proof is omitted in this
version.
12

Theorem 25. The multi-use Markov layout problem can be solved in polynomial time if (i) the input graph is a DAG
(possibly with self-loops), or if it can be made a DAG (possibly with self-loops) with the removal of constantly many
nodes or (ii) the probability of transitioning to the sink from each other state is the same, or (iii) each object has the
same expected utility.

D
D.1

Proofs for Section 2
Proof of Theorem 2

Proof. First, observe that a general instance of the Markov layout problem (possibly with gaps) can be transformed
into a gap-free instance by adding n new objects to the universe, each with zero stopping probability and zero utility.
We thus focus on the gap-free version.
Let U0 = {u ∈ U | pu = 0} and U1 = {u ∈ U | pu = 1}. We claim that a solution with infinite utility exists if
and only if the following hold:
(1) ∃u∗ ∈ U0 such that νu∗ > 0, and
(2) there exists a recurrent subset S 0 of states in the Markov chain M such that (2a) |S 0 | ≤ |U0 | and (2b) the
smallest path connecting the source state s to the recurrent subset S 0 has size no larger than |U | − |U1 | − |S 0 |.
If these properties hold, then by fixing π(i) = u∗ for some i ∈ S 0 , choosing π(j), j ∈ S 0 \ {i} to be an arbitrary
assignment into objects in U0 , and for each j in the path connecting s to S 0 , choosing π(j) to be an arbitrary assignment
into objects in U \ U1 , we are guaranteed the following: with positive probability we reach S 0 , and upon reaching S 0 ,
the expected number of visits to u∗ is infinite. Since νu∗ > 0, the expected utility is infinite.
To prove that these conditions are necessary for the expected utility to be infinite, observe that the only way of
obtaining an infinite utility is to visit some state s0 infinitely often. For this to happen, s0 6= t has to be part of some
recurrent subset in the Markov chain M and further, all the states in that subset have to be filled with objects with
stopping probability zero (otherwise, in finite time the walk will terminate after having seen some object with nonzero stopping probability). Thus, (2a) is necessary (indeed, if all recurrent subsets not containing t have more states
than the number of objects with zero stopping probability, then the random walk will have finite expected length).
Furthermore, (2b) is also necessary. Indeed, if no recurrent subset S 0 can be filled with non-stopping objects and can
be reached with positive probability, the expected length of the walk will be finite. Finally, we observe that (1) is also
necessary: if each object u with pu = 0 also has νu = 0, then, while the expected length of the walk might be infinite,
the utility will be zero once the walk enters the recurrent subset. Thus, the total expected utility is finite.

D.2

Proof of Theorem 3

Proof. Let p = pu for any object u ∈ U . We will reduce our problem to one where each object has stopping probability
zero. To do so, we create a Markov chain M 0 out of the original M such that Ms0 0 ,s00 = (1 − p)Ms0 ,s00 for each s0 , s00
with s00 6= t. TheP
entries of Ms0 0 ,t will be filled so as to have a probability distribution on each row, i.e., for each s0 , we
0
set Ms0 ,t = 1 − s00 6=t Ms0 0 ,s00 . For each s0 , s00 (s00 6= t), the probability of transitioning from s0 to s00 in the original
Markov chain, with objects having stopping probability p, is equal to the probability of transitioning from s0 to s00
in the new Markov chain, with objects having stopping probability zero. Thus, if we take each original object and
reduce its stopping probability to zero, we have that each solution to the gap-free layout problem on the new Markov
chain with the new objects has the same value it would have in the original problem, with the original objects, and the
Markov chain.
To optimally solve the new problem, observe that the utility of a solution is equal to the sum, over all states s0 , of
the expected number of visits to s0 times the utility of the object in s0 (i.e., νπ(s0 ) ). We consider three cases. If there
exists a recurrent state different from t in M 0 , then p was 0. Thus, the value of the solution is infinite if and only if an
object with positive value exists (indeed, placing such an object in a recurrent state guarantees that our utility is lower
bounded by its value times the expected number of visits to that state, which is infinite). Whether some recurrent state
different from t exists in M 0 can be easily decided in polynomial time. If all the objects have zero utility, then each
solution has zero utility. Otherwise we can assume that no recurrent state exists. In this case, it is sufficient to compute
the expected number of times each state is visited in M 0 (which can be done by computing the inverse of (I − M 0 )).
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Then, the optimal solution can be found using the S ORT- AND -M ATCH algorithm: sort objects in decreasing order of
utility, and sort states in decreasing order of expected number of visits, and match them accordingly.

D.3

Proof of Theorem 4

Proof. By the characterization in Theorem 2, an instance has finite expected utility if and only it is possible (a) to
fill a recurrent subset4 with a set X of objects with stopping probability zero, in such a way that at least one object
in X has positive utility, and (b) it is possible to fill a positive probability path from the source node s to some state
in the recurrent subset with objects having stopping probability smaller than 1. In this case, then an optimal solution
can be found. Otherwise, each recurrent subset is such that either (i) it contains some object with positive stopping
probability, or (ii) it does not contain objects with positive utility, or (iii) the probability of getting to the recurrent
subset is zero.
If the user makes more than 2Θ(b) steps in a recurrent subset, then each node of a recurrent subset is visited, in
expectation, for at least 2−Θ(b) steps. Indeed, since the state s0 is recurrent, it must be reachable by any node in the
recurrent subset with a path s1 , s2 , . . . , s0 of length upper bounded by the size of the recurrent subset, and such that each
transition has probability at least 2−O(bi ) , where bi is the number of bits used to describe
Q the transition probabilities
of node si . Then, the probability of getting to s0 from the generic node s1 is at most i 2−O(bi ) ≥ 2−O(b) . For the
same reason, the expected number of steps that a user makes outside any recurrent subset is upper bounded by 2O(b) .
Therefore, if there are no recurrent subset reachable from the origin (case (iii)) the expected number of steps before
termination is 2O(b) . Thus placing the maximum utility object in the initial state s, gives a 2O(b) approximation. If we
get to a recurrent subset that contains an object with positive stopping probability (case (i)), then the expected number
of steps we will make in the subset is 2O(b) , since, after those many steps, we will have passed through the object with
positive stopping probability (i.e., with stopping probability greater than 2−O(b) ) for at least 2O(b) times, thus ensuring
that the stopping event will happen after an expected number of 2O(b) many steps. On the other hand, if we get to a
recurrent subset where each state is filled with objects of zero utility, our expected utility is 0.
In any case, the expected number of visits to states containing objects having positive utility is 2O(b) . By placing
the object of maximum utility in the initial state s, we have the desired approximation guarantee.

D.4

Proof of Proposition 5

Proof. Let ν ∗ = maxu∈U νu , the maximum utility of an object, and let u∗ ∈ U be the object with this utility. Since
the maximum length of a walk on the Markov chain is d ≤ n, the maximum achievable utility is at most dν ∗ . By
setting π(s) = u∗ and choosing the rest of the assignments arbitrarily, the expected utility is at least ν ∗ .

E

Proofs for Section 3

E.1

Proof of Lemma 6

Proof. Given that ∀u ∈ U, pu = 0, the expected number of visits to each state is independent of the object assignment.
Thus, to obtain an optimal solution, it suffices to sort objects in decreasing order of utility, and sort states in decreasing
order of expected number of visits, and match them accordingly (we call this algorithm S ORT- AND -M ATCH).
4 Recall

that {t}, while being a recurrent subset, does not satisfy this requirement since it state cannot contain any object.
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E.2

Proof of Lemma 13

Proof. First,
Sπ (Π)

gπ (Π) ≤

X


2ρ
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i−1
Y
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1 − pmin
16
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where the penultimate inequality follows from 1 − (1 − 7/16pmin )K ≤ 1 and (1 − a)b ≥ 1 − ab, for 0 < a < 1 ≤ b.
Next, observing that 1 − (2 ln 2)pmin ≥ 0, since pmin ≤ 1/2 and ln 2 < 1,
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where the last inequality follows from (1 − x)x
ln 2.

E.3

m
−1

−1

being a decreasing function in x ∈ (0, 1], and x = (2 ln 2)pmin ≤

Proof of Corollary 18

Proof. By the stated property of the instance, in the bucketing of Lemma 12, there will be at most t non-empty buckets.
A trivial modification of its proof will then show that there will exist one bucket whose objects alone can guarantee an
approximation of O(t). Since all other reductions degrade the approximation factor by at most a constant, the proof
follows.
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F

Proofs for Section 4

F.1

Proof of Theorem 20

Proof. For simplicity of exposition, we first prove a weaker approximation bound of O(log5/2 n). As in the proof
of Theorem 17, we bucket objects according to their utilities and stopping probabilities. Bucket Bi,j , 0 ≤ i, j ≤
O(log n), contains objects u with pu ∈ (2i , 2i+1 ] and νu ∈ (2−j−1 , 2−j ]. Using the same argument as in the proof of
Theorem 17, we can ignore objects with utility smaller than n times the maximum object utility, and we can increase
the smallest stopping probability to 1/n, in such a way that we end up with O(log2 n) buckets.
Consider any optimal solution and let its utility be V ∗ . Choose the quadrant on the grid whose states have the
maximum total expected utility. Let Bi∗ ,j ∗ be the bucket whose objects have maximum total expected utility in the
chosen quadrant. Remove the objects not in Bi∗ ,j ∗ from the chosen quadrant and remove all the objects from other
quadrants, obtaining an assignment π. Then, the total expected utility of π will be at least Ω(V ∗ / log2 n).
Let Si , i ≥ 0, be the set of states at distance i from the origin in the chosenPquadrant. Then, |Si | = i + 1 for
0 ≤ i ≤ n/2. Let ki be the number of objects that are placed in Si by π. Let k = i √
ki .
We claim that the probability of getting to any fixed node in Si is at most O(1/ i). To see this, sort the nodes
in Si starting from one end of the quadrant, going to the other. Suppose i ≤ n/2. For getting to the jth node in the
ordering of line i in the chosen quadrant, it is necessary to get the first horizontal (left or right) and the first “vertical”
(up or down) choices correct. Let us condition on this event (this does not decrease the probability of getting to j).
Then, we have to make, say, i − j horizontal choices and j vertical choices. Since each choice is horizontal with
probability
1/2,√
the probability of getting to j is the probability of getting exactly j heads in i tosses of a fair coin, i.e.,

i −i
2
<
O(1/
i). Thus the claim is proved for i ≤ n/2. Observe that if i > n/2, then the probability of getting to
j
√
the jth node in the ordering is easily seen to be less than O(1/ i) (observe that the sink t becomes reachable for such
a large i).
√
Now, fix any set Si of states. Since the maximum probability of getting to any fixed√
node in Si is at most O(1/ i),
the probability of actually hitting some object in Si is upper bounded by min(1, O(ki / i)). We will show the following upper bound on the expected number of objects that will be hit:
!!
√
n
√ 
X
min( i, ki )
√
≤O
k .
O
i
i=1
√
√

Indeed, the ith term of the sum is maximized when min i, ki is maximized, i.e., when ki = i. Furthermore, the
smaller the i, the larger is the factor√i−1/2 for which the min(·)
√ term is multiplied.
√ We can place at most k objects
in the grid. Thus, choosing ki = i for i = 0, 1, . . . , Θ( k) (since filling Θ( k) levels requires Θ(k) objects)
maximizes the expected number of objects that will be hit, and gives the claimed upper bound.
We now give a different upper bound on the expected number of objects that will be hit. We will use the smallest
∗
of the two in the following. Since we are considering
objects in Bi∗ ,j ∗ , their stopping probability is at least 2−j −1 .
∗
j
Thus, inexpectation,
will
of them. Then, the maximum expected utility of the quadrant, given
 ∗we
 hit at most O 2
√
∗
i
j
π, is O 2 min 2 , k . By the choice of Bi∗ ,j ∗ the expected utility of the optimal assignment can be upper
 ∗ √ 
∗
bounded by O((log2 n)2i min 2j , k .
We now show how to fill the quadrant with objects from Bi∗ ,j ∗ in such a way that the expected utility is
 ∗
 ∗ p

Ω 2i min 2j , k/ log k .
Furthermore, if the empty states in the chosen quadrant and in the other quadrants are filled arbitrarily with the
remaining objects, then the expected utility is reduced only by a constant. This leads to an O(log5/2 n) approximate
solution to the gap-free Markov layout problem on grids.
2
First, guess the best bucket (since there are
√ O(log n) buckets, we can just enumerate all of them). For each i ≥ 0,
as long as there are available√
objects, place i log k objects in the states of Si , uniformly around the
√ origin (i.e, fill
with objects from Bi∗ ,j ∗ the i log k/2 states just at the left of the origin, and do the same for the i log k/2 states
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p
p
just at the right
p of the origin.) The process will go on for Θ( k/ log k) levels Si , i = 1, . . . , Θ( k/ log k), since
√
Θ( k log k · k/ log k) = Θ(k).
p
By the Chernoff bound, the probability of hitting some state in the first Θ( k/ log k) levels that is not filled with
objects from Bi∗ ,j ∗ is O(k −2 ), if the walk enters the right quadrant. The probability of entering
the right quadrant is
p
1/4 − o(1). Thus, with probability 1/4 − O(k −2 ), we do not hit any state in the first Θ( k/ log k) levels that is not
filled with objects from Bi∗ ,j ∗ .
If this
happen, then
 the probability of stopping because of some object stopping event, before having
 does
 not
p
j∗
objects is less than an (arbitrarily small) constant. Thus, we will obtain a utility of
seen Ω min 2 , k/ log k
 ∗
 ∗ p

 ∗
 ∗ p

i
j
Ω 2 min 2 , k/ log k with constant probability, and the expected utility will thus be Ω 2i min 2j , k/ log k .
Observe that we can fill the states that are still empty with any objects without decreasing the lower bound we just
obtained on the utility of our solution.
We can improve the approximation bound to O(log3/2 n). To do so, one needs to bucket only according to the
object probabilities, and then show that it is always better to put objects with higher utilities in lower levels. We omit
the details of this improvement from this version.

G

Proofs for Section 5

G.1

Proof of Theorem 21

Proof. We reduce from the C UBIC M AX -B ISECTION problem: given a 3-regular undirected graph G = (V, E), find
S ⊂ V , |S| = |V |/2 that maximizes the number of edges in the cut. As observed by Feige et al. [9], the hardness
result for C UBIC M AX -C UT of [3] implies that, if P6=NP then C UBIC M AX -B ISECTION cannot be approximated to a
ratio ≥ 331
332 +  = ρ, for each  > 0.
We let n = |V |, and we create a Markov chain on the states S = V ∪ {s, t}. For each edge {vi , vj } in G, we
create two edges (vi , vj ) and (vj , vi ) in the Markov Chain. The source node s will have an edge to each node vi ∈ V .
For each node vi ∈ V , we will add an edge (vi , t). The transition from s to vi , for each vi ∈ V , will happen with
probability 1/n. The transition from a node vi ∈ V to t will happen with probability 1 − α, to be fixed later. If
{vi , vj } ∈ E the transition from vi to vj will happen with probability α3 .
The instance will contain n/2 (n is even, since G is cubic) good objects, each good object u having pu = 1 = νu
and a starting object us with pus = 0, νus = 1. If we insist on the instance to have at least as many objects as fillable
states, we also add n/2 dummy objects u0 each with pu0 = 0 = νu0 . We observe that if an assignment places a dummy
object in a state, the objective value remains the same if the dummy object is removed.
Let S ∗ ⊂ V be the solution to the C UBIC M AX -B ISECTION problem and let t be the value of the solution. By
filling the nodes in S ∗ with good objects and by placing the starting object in s, one can obtain a total utility of at least
1+

n/2

n

+

n/2

n

α

2t
.
3n

Indeed, the object in s will result in a utility of 1. The transition out of s will be uniform over V . Therefore with
probability 1/2, the user will land on some state of S ∗ , finding a good object, accruing a utility of 1, and stopping the
random walk; otherwise, again with probability 1/2, the user will land on a uniform at random empty state in V \ S ∗ .
Since the graph is 3-regular and since t edges go out of V \ S ∗ , the probability that the user will make a move to S ∗
−1
(thus accruing a utility of 1, thanks to the node there) will be αt 3 n2
. Since we only care about a lower bound on
the total utility, and since no node has negative utility, we do not consider what happens if the user happens to move
to another state in V \ S ∗ .
Suppose instead that the maximum number of edges between a set S ∗ of n/2 nodes and V \ S ∗ is at most ρt.
We start by proving that if the starting object is not in s, then we can place it in s without decreasing the total utility.
Indeed,
• if s contained a good object, then the total utility was exactly 1, and by placing the starting object in s, the total
utility is at least 1;
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• if s was empty or contained a dummy object, then placing the starting object in s will increase the utility accrued
thanks to the starting object, and will not decrease the utility accrued with any other object. Observe that the
probability of visiting k nodes of V (possibly with repetitions) is upper bounded by αk−1 . Furthermore, the
probability of visiting any single state of V as the first after s is n1 . It follows that, if the starting object was in
some state in V , then the expected number of visits to the starting object is at most
∞

1 X i
α
1
+
,
α = +
n i=1
n 1−α
which is less than 1 if α < 31 and |V | ≥ 4 (which has to be true in any non-empty cubic graph). On the
other hand, if the starting object in placed in s, then the number of visits to that object is deterministically 1.
Observing that emptying the state of V that contained s does not decrease the probability of any walk concludes
the proof of this step.
Now, we show that the total utility of an assignment that does not use all the n/2 good objects on the states of V is
not decreased by placing arbitrarily the unused good objects in states of V that are either empty or that contain dummy
objects. Indeed, after we accrue the unit utility thanks to the starting object in s, two things can happen: either we hit
a good object in some node of V , accruing another utility of 1 and stopping the walk, or we do not, accruing no new
utility and finally ending in the sink state. Therefore adding a good objects to a node v ∈ V cannot decrease the total
utility: every walk that passed through v before hitting a state with a good object, will now give a utility of 1 thanks
to the good object in v and in no other case can the utility decrease. We can therefore assume that all the good objects
are used in the assignment.
We finally show that if the starting object is in s, and each good object is assigned, we have that the total utility is
at most
n/2 2ρt
n/2
n/2
+
α
+
α2 .
1+
n
n 3n
n
Indeed, we accrue a unit utility thanks to the starting object; then we will move to a state containing a good object,
n
accruing another utility of 1 and stopping, with probability n/2 = 12 . Otherwise, with probability 12 we will move to a
uniformly at random empty state (or to a state filled with a dummy object); from there, to accrue a unit utility, we can
2t
), or (ii) move to another
either (i) make a step towards a state containing a good object (with probability at most α 3n
empty (or filled with a dummy object) state, and after a non-negative number of other steps, finish our walk a state
with a good object. The, the upper bound follows by observing that in case (ii), we have to avoid a transition to t at
least two times.
αt
We now compare the two bounds. If a max-bisection of value t exists, then the total utility is at least 32 + 3n
. If the
|E|
max-bisection has value at most ρt, then by using the lower bound of t ≥ 2 on the maximum bisection of a graph
G(V, E) (see [12]), which simplifies to t ≥ 3n
4 in a cubic graph, we get that the total utility is at most
 2

 2

3 αρt α2
3
αt
α
(1 − ρ)αt
3
αt
α
(1 − ρ)α
+
+
= +
+
−
≤ +
+
−
2
3n
2
2 3n
2
3n
2 3n
2
4
3
αt
α
3
αt
α
= +
+ · (2α + ρ − 1) ≤ +
−
,
2 3n
4
2 3n 4000
3
1
where the last step follows from ρ ≤ 1 − 1000
, and the choice α = 1000
.
3
Therefore, since in a cubic graph we have |E| ≤ 2 n, and since t ≤ |E|, the inapproximability ratio can be
expressed as
3
αt
2 + 3n
3
αt
α
2 + 3n − 4000

≥

3
α
2 + 2
3
α
α
2 + 2 − 4000

=
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G.2

Proof of Theorem 22

Proof. We reduce from the B IPARTITE -C LIQUE problem: given an undirected bipartite graph G = (V, W, E), and a
positive integer k, does there exist V 0 ⊆ V, W 0 ⊆ W , |V 0 | = |W 0 | = k, such that V 0 and W 0 induce a bipartite clique
in G? We assume that each node in V has the same degree ∆, as this assumption leaves the problem NP-hard (indeed,
if ∆ is the maximum degree in V , we could just add, for each u ∈ V , ∆ − deg(u) new nodes to W and connect each
of them to v).
We modify G by directing edges in from V to W , obtaining a directed graph H. We use the term source to denote
the nodes in V and the term sink to denote the nodes in W .
For a τ to be fixed later, we then create ` = 2τ (k 2 − 1) copies H1 , . . . , H` of H, and we add ` + 1 new nodes
x0 , x1 , . . . , x` . For each 0 ≤ i < `, we add an edge from xi to each source node in Hi+1 and for each 0 < i ≤ `, we
add an edge from each sink node in Hi to xi . Finally the node x` will have a self-loop. This defines the underlying
graph of our Markov chain. Let n = `(|V | + |W | + 1) + 1 be the number of its nodes. (Observe that the graph is a
DAG, except for the self-loop on x` .)
The transition probabilities of the Markov chain are as follows: each node except for x` will choose one of its outneighbors uniformly at random. From x` , there is a transition to itself (self-loop) with probability p = 1 − (|V | ∆)−` ,
and with the remaining problem, the walk ends.
To finish the description of the Markov layout problem instance, we describe the set of objects. Each object
will have expected utility of 1. There will be g = `(2k + 1) + 1 good objects, having stopping probability 0, and
b = n − `(2k + 1) + 1 bad objects with stopping probability 1. Observe that since we require the solution to be
gap-free, a valid solution needs to use each single object, i.e., n = b + g.
We claim that it is NP-hard to distinguish between instances of utility at least k 2` and instances of utility at most
(k 4 − k 2 )`/2 + n. Assuming this (Lemma 26), we finish the proof.
For τ ≥ ln n, the latter is at most ≤ 2(k 4 − k 2 )`/2 . Thus, the inapproximability bound becomes
k 2`
4
2(k − k 2 )`/2

≥

1
2

=

1
2



Here, the last inequality is justified since k ≥ 2 =⇒

`/2

`/2
k4
1
1
=
1
+
k4 − k2
2
k2 − 1
!
τ

k2 −1
1
1
1+ 2
≥ 2τ .
k −1
2

1+

k2 −1

1
k2 −1

≥ 2.
1

Observe that we can choose any τ polynomial in |V | + |W |. Choosing τ = (|V | + |W |)  , gives us ` ≤ O((|V | +
1
1
|W |)  +2 ) and n ≤ O((|V |+|W |)  +3 ) = O((τ )1+3 ). Then, τ ≥ n1−O() and the inapproximability bound becomes
1−O()
2n
, which completes the proof.
Lemma 26. It is NP-hard to distinguish whether an instance has utility at least k 2` or utility at most (k 4 − k 2 )`/2 + n.
Proof. Suppose that the original graph contained a k × k bipartite clique. Let V 0 ⊆ V, W 0 ⊆ W be the two maximal
independent sets of the bipartite clique.
Consider the following assignment. A good object is assigned to each node xi , i = 0, . . . , `, and to each of the `
copies of V 0 and W 0 . Bad objects are assigned to the other nodes. Then the probability of getting from some xi to
k
xi+1 will then be |Vk | ∆
(the probability of ending up in V 0 from xi times the probability of getting from there to W 0 ).
−`

Then, the probability of getting to x` at least once will be k 2` (|V | ∆) .
Once
P∞ we arrivep at x` for the first time, we compute the expected number of times will we cycle through its loop:
. Since each time we transition to x` we accrue a unit utility, the total expected utility from node
it is i=1 pi = 1−p
`

p
1
x` , conditioned on getting there, is 1 + 1−p
= 1−p
= (|V | ∆) . The expected total utility of x` is then k 2` . Since
the expected total utility of any single node is a lower bound on the expected total utility of the Markov chain, we
have showed that if there exists a solution to the bipartite clique problem, then the best solution for the Markov layout
problem has utility at least k 2` .
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Now suppose that the original graph did not contain a k × k bipartite clique. We show that the maximum expected
utility of the Markov layout problem is at most (k 4 − k 2 )`/2 + n. Consider any assignment and observe that for it to
have utility more than (k 4 − k 2 )`/2 + n, it is necessary that each node xi is assigned a good object — in fact, if this
does not happen then the expected utility of node x` is zero. Since node x` is the only node that can be visited more
than once, if some xi is not assigned a good object, then the maximum expected utility is upper-bounded by n, the
number of states times the maximum utility of an object. Therefore, we assume that each xi , i = 0, . . . , `, is assigned
a good object.
−`
Observe that a path from x0 to x` has either probability 0, or probability (|V | ∆) , of being followed. In particular, the latter case occurs if and only if it is only composed of good objects. Therefore, the expected utility of object
x` is linear in the number of such paths, which we call useful paths. Thus, given an assignment, the expected utility of
node x` is linear in the number of useful paths.
Fix any copy Hs in the instance, and consider the number es of its edges that are hit on both sides by a good object.
Q`
Then, the number of useful paths is s=1 es . Observe that, if a generic copy Hs has i good objects on one side and j
good objects on the other, then es ≤ ij. Further, observe that if i = j = k, then the stronger bound of es ≤ k 2 − 1
holds, since we assumed the original graph not to contain a bipartite k × k clique.
Let Ci,j , i, j ≥ 0, be the number of copies of H in the instance that are assigned i good objects on the “V -side”
P|V | P|W |
and j good objects on the “W -side”. Then, i=0 j=0 Ci,j = `. The number of useful paths is upper bounded by
u = k2 − 1

Hk,k

Y

Hi,j

(ij)

.

i,j≥1
i6=k ∨ j6=k

Consider only the bipartite copies that are not assigned k objects both on their V and their W sides. The overall
number of such bipartite copies will
P be ` − Hk,k . Let Hi be the number of sides, of those bipartite copies, that are
assigned exactly i objects. Then, i≥0 Hi = 2(` − Hk,k ), since each copy, but the Hk,k ones, contributes exactly
two sides. We have that Hk ≤ ` − Hk,k since each of those bipartite copies has at most one side with k good objects.
Observe that
Y
Y
H
iHi .
(ij) i,j =
i≥1

i,j≥1
i6=k ∨ j6=k

Further, observe that (k 2 − 1)Hk,k = (k + 1)Hk,k (k − 1)Hk,k . Then, if we define

Hi + Hk,k if i ∈ {k − 1, k + 1},
Hi0 =
Hi
otherwise,
P
we obtain that i≥1 Hi0 = 2`, and
Y 0
u=
iHi .

(1)

i≥1

`/2
P
.
Observe that Hk0 = Hk ≤ ` − Hk,k ≤ `, so that i6=k Hi0 ≥ `. Our objective is to show that u ≤ k 2` 1 − k12
To this end, we will substitute pairs of terms ha, bi (such that a ≤ k − 1 and b ≥ k + 1) in the product of (1) with
terms ha + 1, b − 1i, showing that this will decrease thePvalue of the product by a factor of 1 − k12 . We will repeat this
substitution as long as such as pair ha, bi exists. Since i6=k Hi0 ≥ `, this will happen at least `/2 times, showing that
`/2
.
u ≤ k 2` 1 − k12

So it remains to be shown that, if a ≤ k − 1 and b ≥ k + 1, then ab ≤ 1 − k12 (a + 1)(b − 1). We show it with
the following chain of inequalities:
ab
(a + 1)(b − 1)

=

1−

=

1−

b−a−1
b−k
≤1−
(a + 1)(b − 1)
k(b − 1)
1−
k−

k
b
k
b
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≤1−

1−
k−

k
k+1
k
k+1

=1−

1
.
k2

−`

1
The expected utility of node x` will then be u (|V | ∆) 1−p
= u ≤ k 2` (1 − k −2 )`/2 . Since each other node can
produce a utility of at most 1 (since it will be visited at most once), we have that if the original graph did not contain
a k × k bipartite clique, then the maximum expected utility is at most (k 4 − k 2 )`/2 + n. The proof is complete.

H

Proofs for Section A

H.1

Proof of Theorem 23

Proof. First, we bucket the objects according to their stopping probabilities as in Theorem 17. Consider any optimal
assignment and remove all the objects from buckets that are suboptimal (in terms of total expected utility of objects
in the bucket). Suppose the probability bucket (p/2, p] survives this step. In the tree, remove all the nodes of height
more than 1/p and evaluate the probabilities of each remaining state. Apply the S ORT- AND -M ATCH algorithm to
the objects in the surviving bucket and arbitrarily assign other objects to the remaining states (i.e., even the ones that
have been removed). We claim that the obtained solution is an O(log n) approximation to the gap-free Markov layout
problem on trees.
To see this, first note that in expectation, no more than O(1/p) objects of the surviving bucket could be seen. Also
note that a parent state has no lower probability of being seen than any of its children. Therefore, we can conclude that
the surviving bucket’s objects form a connected component (containing the root) in the tree. Thus, adding other objects
does not decrease the probability of seeing any of the chosen bucket’s objects, and thus of the expected utility of the
solution. Finally, we observe that the probability of stopping at least once in 1/p object stopping events is a constant
c < 1. This lets us conclude that the expected utility of assignment of the chosen bucket is a constant approximation
to their optimum.

H.2

Proof of Theorem 24

Proof. We bucket objects according to both their stopping probabilities and their utilities, as in Theorem 17. Each
of the B = O(log2 n) buckets will contain at most a linear number of objects. Furthermore, as in Theorem 17, we
remove all objects with utility less than the maximum utility times /n, and we round both the stopping probability
and the utility of each object to the nearest power of 1 + . As we already argued, this does not change the value of the
optimal solution by more than 1 ± O().
We then construct a dynamic program, computing quantities bottom-up. For each node v of the tree, we maintain
a table Tv of B dimensions, where each dimension corresponds to a bucket. The entry Tv (k1 , . . . , kB ) of v’s table will
contain the maximal expected utility of the subtree rooted at v, if one were to use k1 objects from the first bucket, · · · ,
kB objects from the Bth bucket.
If v is a leaf, then Tv (ei ) contains the utility of bucket i (if it is non-empty) and −∞ otherwise (denoting infeasible);
all other entries of Tv are set to −∞. Here, ei is the binary vector with a 1 in the ith coordinate,
If v is an internal node, we fill its table in the following way. We first initialize Tv (·) ← −∞ and Tv (0, . . . , 0) ← 0.
For each child w of v, for each (k1 , . . . , kB ), and for each (`1 , . . . , `B ), we set
Tv (k1 + `1 , . . . , kB + `B ) ←
max{Tv (k1 + `1 , . . . , kB + `B ),
Tv (`1 , . . . , `B ) + Tw (k1 , . . . , kB )}.
Then for each bucket i, (we assume that the object placed in v came from bucket i), for each position (`1 , . . . , `i , . . . `B ),
we set
Tv (`1 , . . . , `i−1 , `i + 1, `i+1 , . . . , `B ) ←
max{Tv (`1 , . . . , `i−1 , `i + 1, `i+1 , . . . , `B ),
Tv (`1 , . . . , `i−1 , `i , `i+1 , . . . , `B )(1 − pi ) + νi },
where pi is the stopping probability of (the objects in) bucket i and νi is the utility of bucket i.
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Then, by looking at the table of the root of the tree, we can return a (1+)-approximation to the best solution value.
Specifically, we look at those cells whose coordinates (i) are feasible given the buckets sizes (for a bucket Xi , we can
use at most |Xi | many objects from the bucket), and (ii) whose sum of coordinates equals the number of nodes in the
tree. Note that (ii) is needed only for the gap-free version. We defer the details to the full version of this paper.
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